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Abstract 1

Four axioms (orthogonality, atomicity, minimal cost, causality preservation) and one propo- 2

sition define a discrete computational system. Because no free parameters enter the de- 3

duction, fitting is excluded; because the axioms close the search space, numerological 4

tuning is blocked. The complete axiomatic system comprises 15 axioms [10]; the present 5

paper uses only 4 axioms and 1 proposition. The irreversible/reversible classification of 6

cost corresponds to the signature of a quadratic form (Theorem 1), forcing the signature 7

partition (5, 2) and excluding SO(7) and SO(4, 3). All four factors of the Wyler formula 8

receive an account within the axiomatic structure, though their epistemic status differs 9

(I/II/III). Results: 1/α = 137.036 082 (6× 10−7), sin2 θW = 0.23122 (4× 10−6); the baryon- 10

to-photon ratio ηB = 6.14× 10−10 (0.5σ) is an independent forward-testable production at 11

axiom-described level (classification III). The internal degrees of freedom 7 = 4+ 3 coincide 12

with the Hamming [7, 4, 3] code, and by the Cl(0,7) Clifford form proposition of the complete 13

axiomatic system v1.6 [10], this coincidence is elevated to an algebraic isomorphism (data 14

type 128 = 27 = dim Cl(0, 7) multivector space). Table 12 classifies 38 results (I: 13, II: 9, 15

III: 15, IV: 1). Existing axiomatic reconstruction programs reconstruct the structure of quan- 16

tum mechanics but do not produce physical constants. The present axiomatic system is a 17

model designed to produce physical constants from axioms. The derivation process yields 18

5 unique predictions (absence of Z′, CAS pattern in higher-loop β-coefficients, nearest 19

integer to 1/α(MZ) = 27, etc.), each falsifiable by specific experiments (Table 13). 20

Keywords: quantum information; Compare-And-Swap; fine-structure constant; Wyler 21

formula; metric signature SO(5,2); Weinberg angle; quantum measurement; Landauer 22

principle; Hamming error correcting code; computational primitives in physics 23

1. Introduction 24

The fine-structure constant is defined as 25

α =
e2

4πε0h̄c
≈ 1

137.036
(1) 26

and determines the strength of the electromagnetic interaction (Eq. (1)). This value cor- 27

responds to the low-energy (Thomson) limit at momentum transfer q2 → 0. Under QED 28

renormalization, α varies with energy scale (α(MZ) ≈ 1/128); the present paper derives 29

this low-energy limiting value. 30

The origin of this particular value remains one of the deepest open problems in 31

physics. Feynman called it “one of the greatest damn mysteries of physics: a magic 32

number that comes to us with no understanding by man” [1]. In 1969, Wyler proposed a 33

geometric formula that reproduces α as a volume ratio of the bounded symmetric domain 34

D5 = SO0(5, 2)/[SO(5) × SO(2)] (SO0 denotes the identity component) [2,3]. It yields 35
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1/α = 137.036 082, matching five digits beyond the integer part. However, the formula was 36

met with three criticisms [4,5]: 37

• (R1) Lack of physical motivation: Why should D5 be related to electromagnetism? 38

• (R2) Arbitrariness of group selection: Why SO(5, 2) and not some other group? 39

• (R3) Non-uniqueness of measure: Choosing a different symmetric space can yield a 40

different value (Gilmore). 41

These criticisms have remained unresolved for over half a century. 42

Position of the present paper. The complete axiomatic system comprises 15 ax- 43

ioms [10]. The present paper uses only 4 axioms and 1 proposition to produce the following 44

results. Starting from an axiomatic computational system whose primitive object is the 45

Compare-And-Swap (CAS) atomic operation, we show that the (5, 2) metric signature 46

is forced, describe all four factors of the Wyler formula within the axiomatic structure, 47

and obtain α, sin2 θW , and ηB to precisions consistent with experimental values. Table 12 48

catalogues a total of 38 results produced by the present axiomatic model. 49

The status of the four factors of the Wyler formula within the axiomatic system: 9 is de- 50

rived from the axioms (classification I); π5/(24 · 5!) is axiom-determined as a mathematical 51

identity from the signature (5, 2) forced by the axioms (classification II); (·)1/4 is axiom- 52

determined as the geometric mean of 4 orthogonal independent axes (classification II); and 53

8π4 is axiom-determined as the group volume determined by (5, 2) (classification II). All 54

four factors are accounted for by the axiomatic structure (see Table 5). 55

All three Robertson–Gilmore criticisms (R1: lack of physical motivation, R2: arbi- 56

trariness of group choice, R3: non-uniqueness of measure) are answered. R1 and R2 are 57

answered directly from the axioms; R3 is answered by Theorem 1, which eliminates the 58

freedom in choosing symmetric spaces. Existing axiomatic reconstruction programs re- 59

construct the structure of quantum mechanics but do not produce physical constants. The 60

present axiomatic system is a model designed to produce physical constants from axioms 61

(see Table 10). As the classification in Table 12 shows, the status of formal derivation (I) and 62

axiom-described results (III) differs, and the present paper makes this distinction explicit. 63

Organization of the present paper: Section 2 presents the design principles, method- 64

ological transparency, and the 4 axioms + 1 proposition. Section 3 defines the cost–signature 65

correspondence and proves the uniqueness of the cost classification. Section 4 derives 66

α. Section 5 presents the structural consistency check via sin2 θW . Section 6 answers the 67

Robertson/Gilmore criticisms. Section 7 presents auxiliary results (Hamming code and ηB). 68

Section 8 discusses implications. Section 9 concludes. 69

The constraints imposed on the axioms are powerful. The four axioms of the present 70

axiomatic system declare, respectively, minimal cost, atomicity, orthogonality, and causality 71

preservation. These constraints force a logical minimal convergence: the structure satisfying 72

all constraints converges to a unique point, and that point coincides with physical constants. 73

Because the deduction starts from constraints, there are no free parameters and fitting is 74

impossible; because the search space is closed by the axioms, numerology is blocked. The 75

constraints, not the target, determine the output. 76

We show that axioms describe nature. The Banya equation was designed to be com- 77

patible with existing physics (Section 2.9, point 6); that compatibility is a design criterion, 78

not a discovery. The non-trivial claim is that the cost structure of this equation produces 79

specific numerical values matching experiment without fitting. The present axiomatic sys- 80

tem answers precisely this question: if the principle of least action is faithfully translated 81

into a discrete cost language, do physical constants emerge from axioms? The answer is 82

yes. Table 12 summarizes all results produced by the 4 axioms and 1 proposition. The 83

status of each result is classified into four levels: I. Axiom-derived (formal proof or forward 84

chain completed), II. Axiom-determined (the axioms force the structure, which is then 85
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mathematically determined), III. Axiom-described (derivation path and interpretation are 86

given in the text, formal systematization reserved for dedicated papers), IV. Out of scope 87

(not included in the scope of the present paper). 88

2. Axiomatic System 89

2.1. Design Principles 90

This section explains what the axiomatic system models and why it takes this form. The 91

explanation is intended to help the reader grasp the overall structure before encountering 92

the axioms. 93

2.2. Least Action and Least Cost 94

The principle of least action in physics declares that “nature selects the path that 95

extremizes the action.” The present axiomatic system reformulates this principle in a 96

discrete cost language: “every change follows the operational path that minimizes cost.” 97

Here, cost is the minimal unit (+1) paid when crossing an orthogonal boundary in the 98

prescribed sequence. 99

The most important consequence of this reformulation is that contention creates order, 100

and order creates discreteness. When multiple local states coexist, contention arises; causality 101

preservation forces an ordering; and that ordering breaks the process into discrete steps. 102

This is the core principle that pervades the entire axiomatic system. 103

The direct benefit of this principle is that the presence or absence of cost (0 or > 104

0) automatically classifies the 7 degrees of freedom into two categories—reversible and 105

irreversible. This classification determines the metric signature, and this is the central result 106

of the present paper. 107

Table 1 summarizes this correspondence. The key is the last row: logical minimal 108

convergence—the convergence to a single structure when the minimal conditions of the 109

axiomatic system are collected—follows the same logic as nature’s convergence to a specific 110

physical structure when following least action. The convergence point of the axioms is the 111

convergence point of nature. 112

Table 1. Correspondence between least cost (axiomatic system) and least action (nature).

Axiomatic system (least cost) Nature (least action) Remarks

Follows the cost-minimizing path
(Axiom 3)

Selects the path that extremizes the
action

Discrete/continuous expression of the same principle

Contention→ forced order→ dis-
crete

Coexisting states→measurement
→ quantum discreteness

Causality preservation creates discreteness

CAS = unique least-cost operation
(Axiom 2)

State changes in nature are atomic Fewer than 3 steps violates causality; more than 3 vio-
lates least cost

Cost {0,+1} binary classification Irreversible/reversible classifica-
tion

Presence or absence of order is the sole criterion

7 d.o.f. → (5, 2) unique conver-
gence

Metric signature (5, 2) Collecting minimal conditions yields convergence to
one structure

Logical minimal convergence → α,
sin2 θW

Least action in nature→ physical con-
stants

Convergence point of axioms = convergence point of nature

2.3. Terminological Note: The Meaning of “Irreversible” 113

In the present paper, “irreversible” means an ordered transition in which the ordering is 114

forced. This is related to, but not identical with, thermodynamic irreversibility (a process 115

accompanied by entropy production). Landauer [17] showed that logical irreversibility 116

(information erasure) entails a thermodynamic cost (kT ln 2), and Bennett [27] showed that 117

logically reversible computation can in principle be performed without thermodynamic 118
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cost. Whenever “irreversible” appears in the present paper, it should be read as “a transition 119

that cannot be undone because the ordering is forced.” 120

Structural correspondence between cost +1 and information erasure. In the complete 121

axiomatic system [10], the Swap step of CAS (when Compare is true) overwrites the 122

previous state of DATA with a new state. The previous state is irrecoverable—this is 123

precisely the structure of information erasure as defined by Landauer. In the binary 124

encoding of CAS (001→011→111), each transition is a 1-bit flip, and this flip irreversibly 125

alters the bit state of the preceding step. Hence cost +1 corresponds to 1 bit of irreversible 126

information erasure. Conversely, when Compare is false, Swap does not execute, no 127

information erasure occurs, the cost is 0, and the process is reversible. This correspondence 128

is organized into three tiers. 129

130

Tier Category Meaning of cost +1 Status

1 Within axioms Dimensionless counting measure tallying ordered-
boundary crossings. Not in energy units

Established

2 Structural correspondence CAS Swap state overwrite = Landauer 1-bit infor-
mation erasure. 5 irreversible axes: erasure occurs; 2
reversible axes: no erasure (c = 0)

Established

3 Thermodynamic consequence If Tier 2 holds: kT ln 2/bit→ CAS cycle heat lower
bound 5× kT ln 2

Conditional (III)

131

What the present paper establishes is Tiers 1 and 2; Tier 3 is conditional on the Tier 2 132

structural correspondence (classification III, Table 12). 133

Information-theoretic perspective (Hartley information). In one CAS cycle, each of the 7 134

axes occupies an independent binary degree of freedom (0 or 1) (Axiom 2: 3 mutually 135

orthogonal steps; Axiom 1: 4 mutually orthogonal axes). Orthogonality = independence, 136

so under the maximum-entropy assumption (uniform prior), the pre-cycle state space is 137

27 = 128. 138

When Compare is true and the 5 irreversible axes are determined and erased, the 139

remaining uncertainty resides in the 2 reversible axes alone. In terms of Hartley informa- 140

tion [37] (maximum entropy under a uniform prior; a special case of Shannon entropy), 141

∆H = log2(128)− log2(4) = 7− 2 = 5 bits. This erasure of 5 bits exactly matches the 5 142

irreversible axes of Theorem 1—the number of erased axes equals the number of erased 143

bits. The 2 reversible axes (observer, superposition) undergo no information erasure and 144

therefore do not contribute to ∆H, corresponding to cost 0. 145

Compatibility with Cl(0,7) algebra — complete axiomatic system v1.6. The algebraic identity 146

of 27 = 128 is identified, by the 7-axis orthogonal Clifford form proposition of the complete 147

axiomatic system v1.6 [10], with the multivector space dimension of the Cl(0,7) Clifford algebra 148

(see Eq. (18); Section 7.1). The present 5 bits of Hartley information (the erased irreversible 149

5 axes) are placed on the same 7 axes as either the 5-vector subspace of Cl(0,7) (dimension 150

(7
5) = 21) or the irreversible-5 part of the (5,2) signature partition of Theorem 1, but at 151

separate layers. The algebraic essence of data type 128 being Cl(0,7) is a different layer of 152

classification from the cost-to-signature mapping of Theorem 1; both layers act on the same 153

7 generators. 154

The terminology follows Hartley’s original formulation (log2 N under a uniform prior) 155

and corresponds to the uniform-distribution special case of Shannon’s general entropy 156

formula −∑ pi log2 pi. 157

2.4. Glossary 158

The axiomatic system of the present paper uses a discrete operational structure called 159

“conditional state transition.” This structure is formally identical to the Compare-And-Swap 160
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(CAS) known in concurrent computing, but in the present paper it is translated into a 161

physical context as summarized in Table 2. 162

Table 2. Physical translation of operational terminology.

Physics term (this paper) CS counterpart Remarks

Conditional state transition Compare-And-Swap (CAS) Indivisible operation: observe→compare→record
Observe (Read) Read Fetch current state
Compare Compare Match against expected value
Record (Swap) Swap Alter state if condition met
Local state Entity Physical state at a spacetime point
Order-enforcing device Lock Constraint guaranteeing transition order
Causality violation Race condition Non-determinism from unsynchronized concurrent writes
Indivisible operation Atomic operation A single transition that cannot be interrupted
Periodic state check Polling State inspection at every tick
Cyclic register Ring buffer Finite-dimensional cyclic structure

In what follows, “CAS” is used as shorthand for “conditional state transition,” and 163

“entity” for “local state.” 164

2.5. Three Components 165

The axiomatic system consists of three components: 166

1. Structure: Four mutually orthogonal axes (time, space, observer, superposition) are 167

divided into two brackets—the classical bracket (DATA) and the quantum bracket 168

(OPERATOR). 169

2. Operator: A single indivisible operation CAS (conditional state transition) proceeds in 170

3 steps—observe (Read), compare (Compare), record (Swap). CAS operates on the 171

OPERATOR bracket side and records the result in the DATA bracket. 172

3. Cost: Crossing an orthogonal boundary + in order incurs cost +1; absence of order 173

incurs cost 0. 174

Combining these three components yields 7 internal degrees of freedom (4 domain 175

axes + 3 CAS steps), and the cost rule classifies each axis as irreversible (cost > 0) or 176

reversible (cost = 0). This classification determines the metric signature. 177

2.6. Why This Operation 178

Why must the primitive operation be a 3-step indivisible operation of “observe→ 179

compare→ record”? We now argue that this choice is a physical necessity. 180

Multiple local states coexist in spacetime. A single global change (δ) is projected 181

through multiple observers into multiple local states. To record changes in these multiple 182

local states while preserving causality, one must first check (compare) the current state and 183

then conditionally record. Recording without checking leads to non-determinism from 184

concurrent writes—a causality violation. 185

CAS is the least-cost indivisible operation satisfying this requirement: 186

• Observe (Read): Fetch the current state (cost +1, unavoidable). 187

• Compare: Match against the expected value (cost +1, essential for causality preserva- 188

tion). 189

• Record (Swap): Alter the state if matched (cost +1, the only path for state change). 190

Fewer than 3 steps cannot preserve causality (recording without checking); more than 3 191

steps violates least cost. “Observe→compare→record” is the causality-preserving least- 192

cost indivisible operation: the lower bound (2 steps or fewer violates causality) and upper 193

bound (4 steps or more violates least cost) force exactly 3 steps; LL/SC is isomorphic to this 194

same 3-step structure; TAS fails due to the absence of Compare. Multi-word operations 195
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(DCAS, k-CAS, etc.) are parallel executions of single CAS and violate least cost. Within the 196

axiomatic structure the 3-step form is unique. Complete classification of all conceivable 197

external primitives is a meta-question analogous to the rule selection problem (Section 8.6). 198

Herlihy [28] proved that in the shared-memory model, CAS is a universal primitive 199

capable of achieving wait-free synchronization. This universality concerns synchronization 200

capability within a register-based computational model and does not claim universality 201

for physical interactions in general. The basis for selecting CAS as the sole operator in 202

the present paper is not Herlihy’s CS theorem but the least-cost requirement for causality 203

preservation (the 3-step argument above). 204

Bennett [27] showed that logically reversible computation can in principle be per- 205

formed without thermodynamic cost, and Landauer [17] showed that logical irreversibility 206

(information erasure) entails a thermodynamic cost of kT ln 2. The cost structure of the 207

present axiomatic system (Axiom 3) is the structural counterpart of the Landauer principle. 208

By the structural correspondence of Section 2.1 (Tier 2), each + crossing corresponds to 1 209

bit of irreversible information erasure, and the correspondence with Landauer’s [17] kT ln 2 210

follows (Tier 3, conditional; see Section 2.1). 211

Note on alternative primitives. In concurrent computing, LL/SC (Load-Linked/Store- 212

Conditional) is another concurrent primitive with the same consensus power (con- 213

sensus number ∞) as CAS. The logical decomposition of LL/SC is Read→(implicit 214

Compare)→Conditional Write, the same 3-step structure as CAS, and applying it to the 215

present axiomatic system yields the same cost structure (5+2). Hence CAS and LL/SC are 216

logically isomorphic in the present axiomatic system. By contrast, Test-And-Set (TAS) has 217

only 2 steps (Read→Set) with no Compare step, so it overwrites the state without matching 218

against the expected value—this leads to non-determinism from unsynchronized writes 219

(causality violation) and fails to satisfy the causality-preservation condition. “Unique oper- 220

ator” means not that the specific name CAS is unique, but that the 3-step logical structure 221

“observe→compare→record” is unique. 222

Multiple behaviors unified by the least-cost principle. The 3-step uniqueness above concerns 223

the structure of CAS. However, the least-cost character of CAS extends beyond structure— 224

CAS is an operational system that selects the least-cost path depending on the access target, 225

and these selections determine the numerical results throughout the paper. 226

Behavior What least cost forces Reference

Object registration
(ball creation)

Minimum orthogonal boundary
crossings = 13. Fewer leaves ball
incomplete, more violates least
cost

Def. 1

Object identification
(indexing)

RLU coupled access (1+1/π ≈
1.3) < raw access (4). ∼70% re-
duction→ coupled forced

§7.2

Internal structural
ratios

Cost reading + norm reading are
two representations of the same
+ crossing. Their combination
determines sin2 θW

§5

227

All three behaviors are different applications of the same least-cost principle. CAS is 228

the unique operator not only because of its 3-step structural uniqueness, but because these 229

multiple behaviors are all unified by a single least-cost principle. 230

Ontological status of CAS — distinction of two tiers. The status of CAS separates into two 231

tiers. 232

Within the axioms: the 3-step “observe→compare→record” structure is unique within 233

the axiomatic system (lower bound: causality violation; upper bound: least-cost violation; 234
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alternatives excluded: TAS fails, LL/SC isomorphic, DCAS violates least cost). This 235

uniqueness is a consequence of the axiomatic structure, not an external choice. 236

Outside the axioms: “why these axioms?” is a meta-question shared by every axiomatic 237

system—Euclid’s five postulates, the Zermelo–Fraenkel axioms, the von Neumann axioms 238

of quantum mechanics. Positing CAS as the fundamental operation is a choice at the same 239

tier as positing “least action” or “minimum entropy production” as physical principles, 240

and its justification is verified a posteriori by results (agreement with physical constants). 241

The two tiers do not conflict: that the 3-step CAS is unique within the axioms, and that 242

the choice of axioms itself is a meta-question, are statements at different tiers. 243

2.7. Scope of the Present Paper 244

The complete system comprises 15 axioms [10] and addresses, beyond the fine- 245

structure constant, quark masses, cosmological energy distribution, and many other phys- 246

ical constants. The present paper uses only 4 axioms (Axioms 1, 2, 3, 4) and 1 proposition 247

(Proposition 1), with sin2 θW as an additional structural consistency check. This demonstrates 248

that 4 axioms suffice for a self-contained derivation, maximizing verifiability. 249

Note on the discrete/continuous distinction. Axiom 3 of the complete axiomatic system [10] 250

explicitly declares the discrete/continuous distinction of DATA/OPERATOR: DATA (clas- 251

sical bracket) is discrete and OPERATOR (quantum bracket) is continuous (classification I, 252

Table 12). The point in the present paper where this distinction operates is the derivation of 253

sin2 θW in Section 5: the mutual orthogonality of the 3 CAS axes (within the OPERATOR 254

bracket) defines a continuous sphere, and the geometric constant π of this sphere enters 255

the formula. If OPERATOR were not continuous, the sphere would not be defined and π 256

could not arise. 257

2.8. Reader’s Guide: Four Common Misconceptions 258

We highlight four points where the notation and terminology of the present axiomatic 259

system differ from standard physics: 260

1. The 4 axes are not 4D spacetime: The 4 axes of the present axiomatic system (time, space, 261

observer, superposition) differ from Minkowski 4D spacetime. Spacetime consists of 262

the 2 axes time + space (DATA bracket), while observer + superposition are the 2 axes 263

of the quantum domain (OPERATOR bracket). Not all 4 axes constitute spacetime. 264

2. δ is “change,” not energy: The δ in Eq. (2) is a unit-free quantity of change; energy, 265

distance, probability, etc. are all ways of measuring δ. Units are assigned to δ itself 266

only after substituting constants into the norm. 267

3. + denotes orthogonal composition + two readings: The + in Eq. (2) is a structural notation 268

meaning “two mutually orthogonal axes belong to the same bracket.” In the present 269

axiomatic system, the + symbol additionally carries two reading modes: (i) Cost reading: 270

reading a + crossing as unit cost per Axiom 3→ integer (e.g., 9 crossings of + = 9). (ii) 271

Norm reading: reading the same + crossing as a dimension of the orthogonal norm→ 272

geometric measure π (e.g., 9 irreversible + crossings = 9π; see the “geometric measure” 273

paragraph following Definition 2). The two readings are different expressions of 274

the same entity. However, the norm reading is valid only for irreversible + crossings 275

(reversible crossings have cost = 0, so no arc representation—reversible quantities 276

admit only cost-reading integers). Throughout the present paper, the use of + carries 277

both meanings and both readings depending on context (see Section 5, 5-step derivation, 278

step (4)). 279

4. Status of the observer axis: Placing “observer” as a fundamental axis of the axiomatic 280

system is a strategic choice that promotes the century-old unsolved measurement 281

problem of quantum mechanics from “something to be explained” to “a structural 282
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axis.” This is analogous to the strategy in general relativity of defining “gravity” as 283

spacetime curvature. 284

2.9. Methodological Transparency 285

1. 12 items vs. “4 axioms + 1 proposition.” The label “4 axioms + 1 proposition” refers to 286

the logical skeleton. The actual derivation employs, in addition to the 4 axioms and 1 287

proposition, 2 operational definitions, 5 axiomatic-structure consequences (A1a–A1d, 288

A2a), for a total of 4+1+2+5 = 12 items (Table 3 enumerates all of them). These are 289

not hidden inputs but explicitly listed inputs. This is structurally analogous to Euclid’s 290

use of definitions and common notions alongside his five postulates: the postulates 291

are the logical core, but the derivations require the full inventory. Crucially, none of 292

the 12 items is a free parameter: each is either a logical consequence of the axioms, a 293

standard mathematical operation applied to axiom-defined quantities, or an observed 294

fact explicitly declared. The search space is fully constrained by the axioms, and 295

parameter fitting remains impossible. 296

2. 3-dimensional spatiality is an imported observed fact. Three-dimensional space is not 297

derived from the axioms. The classical bracket of Axiom 1 declares spacetime by 298

importing classical physics, and three-dimensionality enters as an observed fact 299

(Definition 1: space = x + y + z). This is a design choice: the axiomatic system 300

explicitly demarcates what it explains from what it presupposes. 301

3. All items are axiom-grounded. Every item in Table 3 is either an explicit axiom, a 302

proposition, an operational definition, or an axiomatic-structure consequence. No 303

independent items beyond the axioms are used. 304

4. The four Wyler-formula factors are not of equal status. 9 is axiom-derived (I); 8π4 and 305

π5/(24 · 5!) are axiom-determined (II); (·)1/4 is axiom-determined (II) as the geometric 306

mean of 4 independent axes. The statement “all four factors are described within the 307

axiomatic structure” means that all four receive an account within the system—not 308

that all four are formally derived. This distinction is the reason Table 12 exists: the 309

four-level classification (I–IV) makes the epistemic status of every result explicit. 310

5. ηB is an auxiliary result at axiom-described level (classification III). The correction form 311

(4 + 1/π) of the baryon-to-photon ratio depends on the specific coupling mechanism 312

of RLU coupled access. RLU itself is axiomatically required for CAS operation (defined 313

after Axiom 2), the + in (4 + 1/π) is uniquely determined by Axiom 1’s orthogonal 314

composition (Section 5 step (4)); the formal systematization of the full RLU mechanism 315

is classification III. It is included because a forward-testable prediction from the same 316

axiomatic system has value for falsifiability, even at a lower epistemic tier than the 317

core results (α, sin2 θW). 318

6. What is designed and what is not. The Banya equation (Axiom 1) was designed so that 319

existing physics equations can be recovered by substituting known physical quantities 320

into the orthogonal norm—the classical bracket imports classical spacetime, and the 321

quantum bracket imports observer and superposition. That the axioms are compatible 322

with known physics is therefore a design criterion, not a discovery. What is not 323

designed is that the cost structure of this substitution-compatible equation produces 324

specific numerical values (α = 1/137.036 . . ., sin2 θW = 0.23122) matching experiment. 325

The design input is “translate least action faithfully into discrete cost”; the numerical 326

output is an emergent consequence of that translation, not a fitting target. 327

2.10. List of Assumptions 328

The present axiomatic system is labeled “4 axioms + 1 proposition,” but listing all 329

items actually used in deriving α, sin2 θW , and ηB on an equal footing yields the following. 330
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Table 3 is the complete item table required to derive the results of the present paper, and it 331

makes explicit that the “4 axioms” label is not a complete list of items. 332

Table 3. List of items used in deriving the results of the present paper.

ID Name Remarks

A1 Axiom 1 (Banya equation) Explicit axiom. δ2 equation (Axiom 1)
A2 Axiom 2 (CAS 3-step) Explicit axiom. R–C–S (Axiom 2)
A3 Axiom 3 (cost +1) Explicit axiom (Axiom 3)
A4 Axiom 4 (δ flag) Explicit axiom (Axiom 4)
P1 Proposition 1 (descriptive

d.o.f.)
Consequence of A1+A2 (Lemma). “Lemma demotion” stated in text (Proposition 1)

D1 Definition 1 (13 = 8 + 5) Operational definition. Cost enumeration (Definition 1)

D2 Definition 2 (ball value 4 =
1 + 3)

Operational definition. 3-dimensional decomposition of the space axis of Axiom 1 (Defini-
tion 2)

A1c Prefactor 2 (ηB) Bracket count = 2 of Axiom 1. Axiomatic-structure consequence (§7.2)

A1d Two-reading principle Axiom 1 (norm reading of +) + Axiom 3 (cost reading of +). Axiomatic-structure conse-
quence (§5)

A2a RLU 1/π combination Axioms 2 (RLU required) + 1 (4 axes) + 3 (irreversible hemisphere). (4 + 1/π) is a pointer-
dereference structure. Axiomatic-structure consequence (§7.2)

A1a 3-dimensional spatiality Observational decomposition of the space axis declared by Axiom 1. Made explicit as
x + y + z in Definition 1

A1b Wyler-Robertson form 8π4 is axiom-determined (II) from (5, 2) group volume. (·)1/4 is axiom-determined (II) as
the geometric mean of 4 orthogonal independent axes (Table 5)

That is, behind the “4 axioms + 1 proposition” label, there are in fact 4 explicit axioms + 333

1 proposition + 2 operational definitions + 5 axiomatic-structure consequences (A1a–A1d, A2a) = 334

12 items. A1a (3-dimensional space) is the decomposition of the space axis of Axiom 1, and 335

A1b (Wyler-Robertson form) arises from the axiomatic structure through the (5, 2) group 336

volume (II) and the geometric mean of 4 axes (II). This table collects all 12 items in one 337

place. 338

Note on axiomatic-structure consequences. A1a–A1d and A2a are consequences of the 339

explicit axioms: A1a (3D spatiality) from Axiom 1; A1b (Wyler-Robertson form) from 340

(5, 2); A1c (prefactor 2) from the bracket count; A1d (two readings) from Axiom 1 (norm) 341

+ Axiom 3 (cost) applied to the same +; A2a (RLU combination) from Axioms 2, 1, 3. No 342

independent items beyond the axioms are used. 343

2.11. 4 Explicit Axioms + 1 Proposition 344

The following 4 explicit axioms + 1 proposition form the core skeleton of the derivation 345

of α, used together with the items in Table 3 (D1, D2, A1a–A1d, A2a). The numbering 346

correspondence with the complete 15-axiom system [10] is: 347

This paper Complete system Content

Axiom 1 Axiom 1 Banya equation (4-axis orthogonal norm)
Axiom 2 Axiom 2 CAS as unique operator
Axiom 3 Axiom 4 Cost
Axiom 4 Axiom 15 δ global flag

348

The “Axiom 3 of the complete system” [10] repeatedly referenced in the present paper is 349

the axiom that declares DATA (classical bracket) is discrete and OPERATOR (quantum bracket) 350

is continuous. This is a different axiom from Axiom 3 (cost) of the present paper. 351
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Axiom 1 (Banya Equation — 4-Axis Orthogonal Norm). Every change δ in the universe is the 352

norm of 4 mutually orthogonal axes (this equation is called the Banya equation): 353

δ2 = (time + space)2 + (observer + superposition)2. (2) 354

The first bracket (time+ space) is called the classical bracket (DATA), and the second (observer+ 355

superposition) the quantum bracket (OPERATOR). The two brackets are orthogonal. The + 356

denotes not arithmetic addition but orthogonal composition: within the same bracket, the two 357

axes are orthogonal and together span a single subspace, and the + between brackets denotes the 358

orthogonal sum of distinct subspaces. 359

Necessity of the 4 axes. Observer and superposition are not metaphors but structurally essential 360

components. Without the observer axis, there is no destination for the branching result of CAS 361

Compare (Axiom 2), making CAS execution impossible. Without superposition, CAS has no means 362

of referencing DATA, making all operations impossible. Hence the quantum bracket requires at 363

least 2 axes (observer, superposition), and the classical bracket also requires at least 2 axes (time, 364

space)—4 axes is the minimal configuration. 365

Construction principle of the Banya equation. The two brackets of Eq. (2) each import 366

existing physics. The classical bracket (time + space) imports the spacetime of classical 367

physics directly—time and 3-dimensional space are observed facts that the axiom declares 368

rather than proves. The quantum bracket (observer + superposition) imports phenomena 369

discovered by quantum physics—the observer effect and superposition. Both are real 370

physical phenomena, and Axiom 1 orthogonalizes them. The δ on the left-hand side is 371

a new physical quantity absent from existing physics: a quantity of change obtained by 372

orthogonal composition of the classical and quantum brackets, which is neither energy, nor 373

distance, nor probability, but unit-free change itself. Energy, mass, distance, etc. are ways 374

of measuring δ after assigning units. 375

Separation of system time and domain time — immediate consequence of Axiom 1. Equa- 376

tion (2) structurally separates two kinds of time. The left-hand side δ is the global quantity of 377

change spanning the entire equation (system time: 1 cycle = 1 tick), while the time axis on 378

the right-hand side is a single local domain axis inside the classical bracket. Because δ is the 379

norm of the entire right-hand side, δ and time occupy different tiers—δ contains time but is 380

not equal to time. This separation is forced the moment Axiom 1 is read; no additional axiom 381

is required. Axiom 3 of the complete system [10] (DATA discrete / OPERATOR continuous) 382

further specifies this separation, but the separation itself is an immediate consequence of 383

Axiom 1 (classification I). All subsequent references to “system time” and “domain time” 384

in this paper are anchored to this paragraph. 385

Axiom 2 (Conditional State Transition (CAS) Is the Unique Operator). Every change in the 386

universe is a repetition of a single conditional state transition (CAS: Compare-And-Swap) operation. 387

CAS proceeds in 3 steps: 388

Read
observe

(001) −→ Compare
compare

(011) −→ Swap
record

(111). (3) 389

Each step occupies an independent binary degree of freedom (the independent bits of each step are 390

001, 010, 100; the notation in Eq. (3) represents cumulative states). The 3 steps are mutually 391

orthogonal: R ⊥ C ⊥ S. CAS operates in the OPERATOR bracket and records the result in the 392

DATA bracket at the record (Swap) step. The transition R → C → S is order-forced by logical 393

dependence: Compare cannot execute without the result of Read, and Swap cannot execute without 394

the result of Compare. 395
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CAS 3-axis orthogonality, sphere, and RLU. The 3 steps of CAS (R, C, S) are mutually 396

orthogonal. In the norm space spanned by 3 independent orthogonal axes, the constraint 397

surface of constant norm is a sphere. When CAS executes Swap on the space axis of DATA, 398

the result is recorded isotropically (spherically) by virtue of the 3-axis orthogonality. 399

RLU is an addressless virtual indexing unit operating on this sphere. The name is adapted 400

from LRU (Least Recently Used), the standard cache-management technique in computer 401

science, with the first letter changed to R to emphasize the addressless property. RLU is 402

located within the OPERATOR bracket and can access all 4 domain coordinates of objects 403

registered in DATA slots—2 on the DATA side and 2 on the OPERATOR side. CAS operates 404

by referencing RLU, and in the present axiomatic system all causality is managed by RLU. 405

Why addressless. On a sphere, logical addresses (memory addresses, slot numbers) do 406

not exist—objects are identified only by angular coordinates (θ, φ). Unlike address-based 407

indices in standard computer science, RLU does not use logical addresses; it is an addressless 408

angular index that distinguishes objects by the angular coordinates of the OPERATOR 409

bracket [10]. 410

Why 1/π. Irreversible + crossings allow only the forward direction (Axiom 2), so 411

only half of the sphere—an arc length of π—is accessible. RLU identifies one object on this 412

hemisphere per 1/π of arc. This is an axiomatic-system-internal identification rule, not the 413

arithmetic reciprocal of π: it belongs to a separate category that is neither cost reading nor 414

norm reading. The 1/π appearing in the ηB correction (4 + 1/π) originates here. 415

Axiom 3 (Cost). Crossing an orthogonal boundary + in a prescribed order incurs cost +1. In the 416

absence of order, the cost is 0. Cost is a dimensionless counting measure that tallies the number of 417

order-forced crossings; it is not in energy or temperature units. 418

• The CAS transitions R→ C→ S are order-forced (Axiom 2), so each transition incurs cost 419

+1. 420

• When CAS records in the DATA bracket, it crosses the OPERATOR→DATA bracket boundary, 421

incurring cost +1. 422

• When CAS accesses axes within its own OPERATOR bracket (observer, superposition), no 423

bracket boundary is crossed, so cost = 0. 424

Operations with cost > 0 are ordered and hence irreversible. Access with cost = 0 is unordered and 425

hence reversible. This branching determines the partition into 5 irreversible and 2 reversible axes, 426

(5, 2). When CAS Compare is true, Swap executes, paying cost +1, and a definite state is recorded 427

in DATA (collapse). When Compare is false, Swap does not execute, cost is 0, and superposition is 428

maintained. Quantum is the default; classical results from paying cost. 429

Cost is the only physical quantity in the present axiomatic system. Energy, mass, force, and 430

entropy are all different names for cost [10]. No physical quantity other than cost exists within the 431

axiomatic system. 432

Proposition 1 (Descriptive Degrees of Freedom). The total number of internal degrees of 433

freedom divides into structure (DATA) and cost (OPERATOR), and is a direct consequence of 434

Axiom 1 (4 axes) and Axiom 2 (3 steps): 435

4︸︷︷︸
domain axes

+ 3︸︷︷︸
CAS steps

= 7. (4) 436

The + has the same meaning as the orthogonal composition in Axiom 1. Since the two sets belong to 437

different brackets, they are combined by orthogonal sum (+). 438

Proof. Axiom 1 declares 4 mutually orthogonal axes (time, space, observer, superposition). 439

Axiom 2 declares that CAS consists of 3 mutually orthogonal steps (Read, Compare, Swap). 440
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The two sets belong to different brackets (domain axes belong to the space declared by 441

Axiom 1; CAS steps are the operator domain), so they combine by orthogonal sum (+). The 442

total internal degrees of freedom are 4 + 3 = 7. Q.E.D. 443

Note: This proposition is a direct logical consequence of Axioms 1 and 2 and is therefore 444

not an independent axiom but a lemma. The axiom count is 4: Axiom 1 (Banya equation), 445

Axiom 2 (CAS as unique operator), Axiom 3 (cost), and Axiom 4 (δ global flag). 446

Table 4 classifies the descriptive degrees of freedom derived from the 7 internal 447

degrees of freedom into structure (DATA) and cost (OPERATOR) categories. Every number 448

appearing in the derivations of the present paper originates from this table. 449

Table 4. Descriptive degrees of freedom — structure (DATA) and cost (OPERATOR).

Structural descriptive d.o.f. (DATA category)

Value Origin Remarks

1 Minimum unit Bit basis
2 2 brackets DATA, OPERATOR (Axiom 1)
3 CAS 3 steps R, C, S (Axiom 2)
4 4 domains time, space, observer, superposition (Axiom 1)
7 4 + 3 CAS internal d.o.f. (Proposition 1). Numerator of sin2 θW

Cost descriptive d.o.f. (OPERATOR category)

1 Minimum cost per +
crossing

Cost basis (Axiom 3)

2 2 reversible axes observer, superposition. Cost 0 (Theorem 1)
4 Ball value 1 + 3 time write 1 + space write 3 (Definition 2)
5 5 irreversible axes (5, 2) partition (Theorem 1). Exponent of π5

9 Residual cost 13− 4 9π in the denominator of sin2 θW (Definition 2)
13 Total cost 8 + 5 8 reads + 5 writes (Definition 1)

Structure and cost are orthogonal brackets (Axiom 1). Within the same bracket, only shifts (2N) are possible; combination by + occurs
only when crossing between brackets. Every number appearing in the derivations of α, sin2 θW , and ηB in the present paper originates
from this table.

Definition 1 (Cost Enumeration of One CAS Cycle — Working Definition). The space axis 450

has 3-dimensional orthogonal sub-axes (x, y, z)—the ‘space’ of Axiom 1 is a macro notation for these 451

3 dimensions, and when CAS accesses space it sequentially accesses the 3 sub-axes (an observed fact 452

of our universe and a working assumption of the present paper). 453

In the present axiomatic system, a ball is a single unit of matter registered in spacetime (a 454

particle at the Planck-mass scale in the mass dimension—the minimum mass unit of the axiomatic 455

system), and a grasp (juim) is the act of CAS registering one ball in a DATA slot—i.e., the result of 456

one CAS Swap. The cost required to create one ball is the 13 + crossings of the present definition; 457

note that the “minimum cost unit” (+1, one + crossing) and the “minimum mass unit” (ball, the 458

result of 13 + crossings) are different quantities. The cost calculation in the present paper merely 459

counts the dimensionless number of + crossings required to “register one ball”; mass scale is the 460

dimensional context of the axiomatic system and lies outside the scope of the present paper. 461

On this microscopic decomposition, we define the total number of +-boundaries crossed by 462

one CAS cycle (one grasp creation: idle→ R→ C→ S→ DATA commit) to be exactly 13: 463

13 = 8︸︷︷︸
reads (moving)

+ 5︸︷︷︸
writes (grasping)

. (5) 464

Each + crossing incurs cost +1 by Axiom 3. The following table enumerates the complete path of 465

one CAS cycle. Each row is a step forced by the axioms; removing any step leaves the ball incomplete, 466

adding any step violates least cost. The enumeration is therefore unique. 467
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Path Read (access) Write (grasp)

CAS R entry +1 —
CAS R→ C transition +1 —
CAS C→ S transition +1 —
OPERATOR→ DATA bracket boundary +1 —
time→ space +1 —
x access +1 —
x → y +1 —
y→ z +1 —
time timestamp write — +1
x write — +1
y write — +1
z write — +1
Swap→ DATA commit — +1

Total 8 5

468

Status note: This definition is a working definition that applies the cost accounting of the complete 469

Banya axiomatic system [10] to the 7-axis (4 domain + 3 CAS) system of the present paper and 470

the 3-dimensional decomposition of the space axis of Axiom 1. The formal distinction of the 13 471

boundaries has been described (classification I, Table 12). 472

Granularity note: The micro-level decomposition (space = x + y + z) in this definition 473

serves cost-accounting purposes only and does not affect the signature (5, 2) classification 474

of Theorem 1. Theorem 1 determines the signature by applying the cost function to the 4 475

macro axes of Axiom 1 and the 3 CAS stages of Axiom 2, totalling 7 macro DOF; it operates 476

independently of the micro decomposition of space. The two levels (macro signature, micro 477

enumeration) are descriptions at different granularities of the same axiomatic system. 478

Three-dimensional spatiality. (1) The classical bracket (time + space) in Axiom 1 inherits 479

classical-physics spacetime as given. (2) Because space is three-dimensional in classical 480

physics, declaring space automatically imports a three-dimensional structure. (3) When 481

the CAS creates a ball, it writes into a 4-dimensional spacetime: 1 time axis + 3 space axes. 482

Consequently, the “ball value 4 = 1 + 3” and “residual cost 9 = 13− 4” of Definition 2 483

depend on this 4-dimensional spacetime structure. 484

Definition 2 (Ball value and residual cost). The 13 + crossings of Definition 1 are partitioned 485

as follows: 486

ball value = 4 = 1︸︷︷︸
time write

+ 3︸︷︷︸
x,y,z write

, (6) 487

residual cost = 9 = 13− 4. (7) 488

The ball value 4 is precisely the cost consumed in creating one ball — time 1 + space 3 (the 489

registration cost of a 4-axis coordinate). When the ball value 4 is recovered, the ball is released from 490

DATA. 491

The residual cost 9 is recorded in the RLU index (defined immediately after Axiom 2) and 492

recovered incrementally; it consists of 8 read crossings and 1 commit write. 493

Geometric measure of the residual cost. Each + crossing is irreversible by the forward 494

directionality R→ C→ S of Axiom 2 (reverse-order crossings are undefined in the axiom). 495

The geometric measure of a single irreversible + crossing is the hemispherical arc length π 496

on the unit sphere—a reversible (bidirectional) crossing would traverse the full sphere 2π, 497

but only the forward direction is permitted, yielding half. The total geometric arc length of 498
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the residual cost 9 in Definition 2 is therefore 9π, the additive measure of 9 independent + 499

crossings (a sum of 1-dimensional arc lengths). 500

This measure differs in kind from the 5-dimensional complex-ball volume π5/5! of D5 501

(a multiplicative measure)—arc length versus volume are measures of different dimension 502

in differential geometry, and addition versus multiplication are their respective natural 503

combination rules. 504

Recovery of the residual cost within the RLU proceeds as geometric decay along this 505

arc. Why the geometric form: objects inside the RLU cannot reference anything outside the 506

RLU; they can reference only themselves (self-reference). Self-reference implies that each 507

step depends solely on its own predecessor (an+1 = r · an), which naturally generates 508

a geometric series. Other decay forms (linear, exponential, etc.) would require external 509

references and are therefore incompatible with the self-reference constraint of the RLU. 510

This mechanism is analogous to the LRU (Least Recently Used) cache eviction rule and is 511

employed in greater detail in the RLU coupled-access analysis of Section 7.2. 512

Relation of this mechanism to the results of the paper: The geometric-decay mechanism 513

described above serves as an operational explanation of the RLU and is not directly used in 514

deriving the quantitative results (α, sin2 θW , ηB) of this paper—it serves only as motivation 515

for the existence of RLU coupled access. This paragraph provides the operational founda- 516

tion for understanding the RLU mechanism and is independent of the main derivations. 517

The geometric-decay mechanism is not used in the quantitative results of this paper and is 518

presented as an axiom-described result (classification III). 519

Axiom 4 (δ is a global flag). The left-hand side δ of Eq. (2) lies outside the 7-bit internal machine 520

defined by the right-hand side. When δ = 1 the entire right-hand side is valid; when δ = 0 it is 521

void. The number of internal degrees of freedom is therefore exactly 7, not 8. 522

Use-case classification — Raw vs Coupled. When the two +-reading principles of this 523

axiomatic system (see common misconception #3 in the Reader’s note of Section 2.1) are 524

used to produce physical quantities, two use cases arise: 525

• Raw use case: + crossings are expressed directly through cost reading and norm reading 526

alone. The resulting form is nπ (norm reading) or n + m (cost-reading sum) — e.g., 527

the denominator 9π of sin2 θW in Section 5 (norm reading of the residual cost 9). 528

• Coupled use case: the RLU coupled-access mechanism, forced by the minimum-cost 529

principle (Section 2.1), is used in addition to the two readings. The resulting form is 530

(m + 1/π) or similar — e.g., the ηB correction (4 + 1/π) of Section 7.2. 531

The raw use case is satisfied by the two reading principles alone and sits naturally within the 532

forward chain; the coupled use case invokes the additional RLU mechanism and therefore 533

belongs to the axiom-described tier (classification III; RLU itself is axiomatically required 534

for CAS; the + in (4+ 1/π) is uniquely determined by Axiom 1’s orthogonal composition — 535

see Section 5 step (4) and Section 7.2; the formal systematization of the full RLU mechanism 536

is classification III). In this paper, sin2 θW (raw) and ηB (coupled) accordingly carry different 537

epistemic status under this classification. 538

3. Cost–Signature Correspondence Theorem 539

In this section we state and prove the central result of the paper. 540

Definition 3 (Cost function). We denote the cost function defined by Axiom 3 as c : 541

{x1, . . . , x7} → {0,+1}. For each axis xi, c(xi) = +1 if the CAS must cross the parenthe- 542

sis boundary + in sequence when accessing xi, and c(xi) = 0 otherwise. 543
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Definition 4 (Signature function). In the quadratic form Q = ∑7
i=1 σix2

i on a 7-dimensional 544

real vector space, we denote the sign of each axis σi ∈ {+1,−1} as the signature function σ : 545

{x1, . . . , x7} → {+1,−1}. Let p be the number of positive (+1) signs and q the number of negative 546

(−1) signs; then (p, q) is the signature of the quadratic form. 547

Definition 5 (Cost–signature map). In the 7-dimensional internal space satisfying Axioms 1–4, 548

the signature function σ is defined in terms of the cost function c as follows: 549

σ(xi) =

+1 if c(xi) > 0 (irreversible)

−1 if c(xi) = 0 (reversible)
(8) 550

Physical motivation: irreversible axes have c > 0 and are the data axes that the axiomatic system 551

records — they are marked with positive (+) sign. Reversible axes have c = 0 and serve as filter 552

axes of the CAS, which the axiomatic system does not record — they are marked with negative (−) 553

sign. The filter interpretation of the negative sign is elaborated in part (B) of the proof below and 554

applied in the derivation of sin2 θW (Section 5). 555

Why a quadratic form: the standard mathematical device that connects a binary classifi- 556

cation of axes (cost present/absent) to a continuous geometric object (symmetric space) is 557

the signature of a quadratic form — and it is the only one. Given a binary classification 558

{c > 0, c = 0}, the unique standard path to a continuous group is Q = ∑ σix2
i with signa- 559

ture (p, q)→ SO(p, q). No alternative path exists; Definition 5 is therefore not a choice but 560

a necessity. 561

Theorem 1 (Uniqueness of the cost partition). Under Axioms 1–4, the cost classification c(xi) 562

of the seven axes is determined by the axioms, and the partition into five irreversible axes and 563

two reversible axes, (5, 2), is unique. Because rotations between axes of differing cost properties 564

violate the cost-property boundary, the unique maximal compact subgroup preserving this partition 565

is SO(5)× SO(2). The bounded symmetric domain D5 = SO0(5, 2)/[SO(5)× SO(2)] (where 566

SO0(5, 2) is the identity component) is thereby determined. 567

Note on the status of the definition and theorem: Definition 5 (cost–signature map) as- 568

signs positive (+) sign to irreversible axes and negative (−) sign to reversible axes. Since 569

SO(5, 2) ∼= SO(2, 5), reversing the sign convention yields the same D5. Theorem 1 es- 570

tablishes the uniqueness of the partition (5, 2); this partition alone determines D5 and 571

α. 572

Formal status of the theorem: This theorem applies the constraints of Axioms 1–4 to the 573

seven axes and shows that the partition (5, 2) is forced. Because the axiomatic constraints 574

are strong, only one of the eight possible partitions survives — this is the essence of 575

axiom-derived classification (Class I). 576

Proof. The proof is divided into three parts: (A) uniqueness of the cost classification, (B) 577

correspondence between cost and metric sign, and (C) formal exclusion of alternative 578

partitions. (The well-definedness of the map σ follows directly from (A) and (C) and is 579

addressed in a remark after the proof.) 580

(A) Uniqueness of the cost classification. We determine c(xi) for each of the seven axes: 581

• time, space: By Axiom 1, these belong to the DATA parenthesis. Because the CAS 582

operates in the OPERATOR parenthesis (Axiom 2), accessing DATA requires crossing 583

the parenthesis boundary +. By Axiom 3, c = +1. Irreversible. 584

• R, C, S (the three CAS stages, each an independent binary degree of freedom): By 585

Axiom 2 the ordering R → C → S is forced by logical dependence. Each stage 586

Preprint — April 28, 2026 15



occupies an independent binary degree of freedom (001, 011, 111), and each order- 587

forced transition has c = +1 by Axiom 3. Irreversible. 588

• observer, superposition: By Axiom 1, these belong to the OPERATOR parenthesis. 589

Because the CAS also operates in OPERATOR (Axiom 2), access within the same 590

parenthesis does not cross +. By Axiom 3, c = 0. Reversible. 591

The classification of each axis is completely determined by the parenthesis to which the axis 592

belongs (Axiom 1) and the location of the CAS (Axiom 2). Because no axis can be moved to 593

a different parenthesis, the classification is unique. Result: five axes with c > 0 and two 594

axes with c = 0. 595

(B) Correspondence between cost and metric sign (data/filter category markers). In the 596

quadratic form Q = ∑ σix2
i , the physical meaning of the sign σi is that it designates whether 597

the axis is a data dimension or a filter dimension. 598

In the present axiomatic system the cost function c directly determines this distinction: 599

• Irreversible axes (c > 0): data dimensions that the axiomatic system records. The Swap 600

result of the CAS is permanently registered in the DATA slot. The time and space axes 601

are the targets of timestamp and coordinate recording, respectively, and the R/C/S 602

CAS stages are the irreversible steps that carry out that recording. Hence σi = +1 — 603

the category marker for data dimensions. 604

• Reversible axes (c = 0): dimensions that the axiomatic system does not record and that 605

serve as filter/selector roles of the CAS. The observer domain acts as the CAS branch 606

filter, and the superposition domain acts as the CAS RLU index filter (see the RLU 607

definition immediately following Axiom 2) — both merely select which data to fetch or 608

which branch to take without themselves being recorded as data. Hence σi = −1 — the 609

category marker for filter dimensions. 610

We emphasize the key point: the negative (−) sign is not “subtraction” or “monotonic 611

decrease” but the category marker for “filter dimension”. (−3)2 = (+3)2 = 9 so that the 612

absolute value of σix2
i is the same regardless of sign, and the sign is merely a type marker 613

distinguishing data dimensions (p) from filter dimensions (q) in the SO(p, q) group structure, 614

carrying no arithmetic meaning. In the derivation of sin2 θW (Section 5, “set complement = 615

filter” paragraph) the negative-sign interpretation is likewise used as a set-filter operation, 616

consistent with the (5, 2) sign assignment of the present theorem — in both cases the 617

negative sign means “filter/selection,” not “subtraction.” 618

Comparison with Minkowski spacetime. In the Minkowski metric, two different 619

categories (time vs. space) also receive different signs, but the (5, 2) sign assignment of 620

the present axiomatic system arises from the cost category (data vs. filter), not from a 621

kinematic causal structure. The negative sign in the present axiomatic system marks “filter 622

dimensions” (reversible, c = 0) and differs in meaning from the spatial negative sign in 623

Minkowski space — the similarity is analogical, not identical. 624

(C) Formal exclusion of alternative partitions. We show that the partition (5, 2) ob- 625

tained in (A) is unique by explicit comparison with every other possible partition. 626

For seven axes the partition is (p, q) with p + q = 7, giving eight possibilities: 627

(7, 0), (6, 1), (5, 2), (4, 3), (3, 4), (2, 5), (1, 6), (0, 7). Apart from (5, 2) and its isomorphic coun- 628

terpart (2, 5), all remaining six are excluded by the axioms of the axiomatic system: 629
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Partition Verdict Exclusion rationale

(7, 0) Excluded observer, superposition ∈ OPERATOR⇒ no boundary cross-
ing⇒ c = 0 forced. Violates Axioms 1 and 3

(0, 7) Excluded time, space ∈ DATA, CAS ∈ OPERATOR⇒ boundary must
be crossed⇒ c = +1 forced. Violates Axioms 1 and 3

(6, 1) Excluded Requires an OPERATOR axis to have c > 0, but (A) fixes c = 0.
Axiom violation

(4, 3) Excluded Requires a DATA axis or CAS stage to have c = 0, but (A) fixes
c = +1. Axiom violation

(3, 4) Excluded Same logic as (4, 3)
(1, 6) Excluded Same logic as (6, 1)
(5, 2) Adopted Uniquely compatible with the cost classification of (A). In-

cludes isomorphic (2, 5)

630

Result: of the eight possible partitions, the only one compatible with Axioms 1, 2, and 631

3 of the axiomatic system is (5, 2) (including its isomorphic counterpart (2, 5)). Since 632

SO(5, 2) ∼= SO(2, 5), the choice of sign direction does not affect the result, and what this 633

theorem establishes is the uniqueness of the partition itself. 634

From (A), (B), and (C) the partition is determined to be five irreversible and two 635

reversible axes, giving (p, q) = (5, 2). Q.E.D. 636

Remark (well-definedness of the map). The map σ : c→ {+1,−1} of Definition 5 possesses 637

the following three formal properties as a direct consequence of (A) and (C): (i) Total: the 638

map is defined on all seven axes; (ii) Deterministic: given the c value of each axis, the σ 639

value is determined (no external input); (iii) Count-bijective: the resulting partition (p, q) is 640

determined by the number of c = +1 axes and c = 0 axes. “Structural equivalence between 641

the cost classification and the quadratic-form signature” refers to these three properties. 642

Exclusion of alternative 21-dimensional groups: a categorical distinction. SO(5,2) is a 643

noncompact simple Lie group of dimension 21, but other simple Lie groups of the same 644

dimension 21 exist — SO(7) (the compact form, signature (7, 0)) and SO(4,3) (signature 645

(4, 3) or (3, 4)). Within the present axiomatic system the distinction among these three 646

reduces to the question of which category of degrees of freedom (Proposition 1: structural vs. 647

cost) the metric signature is derived from. 648

• SO(5,2) is derived from cost degrees of freedom: Definition 5 specifies that the cost 649

function produces two distinct categories (c > 0 irreversible and c = 0 reversible) 650

and assigns different signs to them. Because Theorem 1 derives the sizes of the two 651

categories as 5 and 2, the signature (5, 2) is forced. 652

• SO(7) is the compact form of structural degrees of freedom: SO(7) is the compact group 653

in which all seven axes carry the same sign, treating the seven axes as structurally 654

equivalent objects. However, the present axiomatic system derives the metric signature 655

from the cost category, not from the structural category, and the cost category forces 656

two different signs (see item above). SO(7) is therefore incompatible with the metric- 657

signature derivation principle of the axiomatic system. 658

• SO(4,3) is the split form of structural degrees of freedom: The partition (4, 3) required 659

for SO(4,3) coincides numerically with the structural decomposition of Proposition 1 660

(4 domain axes + 3 CAS stages = 7), but this is a partition of the structural category, 661

not the cost category. Because the axiomatic system derives the metric signature from 662

the cost category (Definition 5 and Theorem 1), the structural partition (4, 3) is not 663

an input to the signature derivation. Since Theorem 1 forces the cost partition (5, 2), 664

SO(4,3) is incompatible with the axiomatic system. 665
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Among 21-dimensional simple Lie groups, the only one compatible with the signature- 666

from-cost principle of the axiomatic system is therefore SO(5,2) (including its isomorphic 667

counterpart SO(2,5)). SO(7) and SO(4,3) are objects belonging to a different category 668

(structural) within the axiomatic system and are not used in the metric-signature derivation 669

itself. 670

4. Derivation of α 671

Once the signature (5, 2) is fixed by Theorem 1, the chain SO0(5, 2)→ D5 → the factors 672

of the Wyler formula (10) follows. Table 5 classifies the axiomatic status of each factor: 9 is 673

axiom-derived (I), π5/(24 · 5!) is axiom-determined (II), (·)1/4 is axiom-determined (II) as 674

the geometric mean of 4 independent axes, and 8π4 is the group volume determined by 675

(5, 2) and hence mathematically axiom-determined (II). Their epistemic status differs (see 676

Table 5). 677

4.1. SO(5,2) and the Maximal Compact Subgroup 678

The group of linear transformations preserving the quadratic form of signature (5, 2) 679

is SO(5, 2), and its identity component SO0(5, 2) is the natural transformation group of the 680

bounded symmetric domain D5 [6]. The maximal compact subgroup is SO(5)× SO(2). 681

Why this subgroup is uniquely selected: the cost classification partitions the 7 axes into 682

{5 irreversible} ∪ {2 reversible}. The 5 irreversible axes share the same property (cost > 0) 683

and are therefore mutually rotatable—this is SO(5). The 2 reversible axes likewise share 684

the same property (cost = 0) and are mutually rotatable—this is SO(2). However, rotations 685

between irreversible and reversible axes are forbidden because their cost properties differ 686

(cost > 0 vs. cost = 0). Consequently, the maximal compact subgroup is SO(5)× SO(2), 687

and alternative subgroups such as U(5) or Sp(4)×U(1) are excluded because they violate 688

the cost-property boundary. 689

4.2. Quotient Space D5 690

The quotient space 691

D5 =
SO0(5, 2)

SO(5)× SO(2)
(9) 692

is a Cartan type IV bounded symmetric domain of complex dimension 5 [6,7]. Forming 693

the quotient by the internal rotations within each sector leaves only the transformations 694

that connect the irreversible and reversible sectors—that is, transformations that cross the 695

bracket boundary +. D5 is therefore “the space of all possible configurations that incur 696

cost.” 697

4.3. Wyler Volume Ratio 698

The ratio of the Shilov boundary volume to the D5 volume determines α [2,3,7]: 699

α =
9

8π4

(
π5

24 · 5!

)1/4

. (10) 700

Physically, α is the probability that a CAS operation crosses the bracket boundary + 701

and produces an interaction. The ratio of realized configurations (Shilov boundary) to total 702

possible configurations (D5) yields the low-energy electromagnetic coupling constant. 703

Note on uniqueness of the Shilov boundary: The Shilov boundary is uniquely defined as 704

the minimal closed subset of a bounded domain on which the maximum principle holds [7]. 705

Alternative boundary concepts such as the Bergman boundary or the distinguished bound- 706

ary exist; however, the fact that the coupling constant in Wyler’s [2] original construction 707

is given by the Shilov boundary volume ratio is consistent with the physical meaning 708
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of this boundary as “the minimal set on which the values of holomorphic functions are 709

determined”—that is, the minimal boundary that specifies the realized configurations. 710

The present paper independently determines the signature (5, 2) (Theorem 1); the Shilov 711

boundary is the unique minimal boundary on which holomorphic functions attain their 712

maxima [7] and is therefore not an arbitrary choice but a mathematical necessity. 713

Why the Shilov boundary volume ratio equals α—the self-descriptive structure of the Banya 714

equation. This question has remained open since Wyler (1969) and is the core of Robert- 715

son’s criticism R1 (“Why should D5 be related to electromagnetism?”). In the present 716

axiomatic system, this identity is not an additional assumption but a consequence of the 717

self-descriptive structure of Axiom 1 (the Banya equation). 718

In the Banya equation δ2 = (time + space)2 + (observer + superposition)2, the left- 719

hand side δ is a single quantity of change. This δ can be described in the structural domain 720

(as a geometric volume ratio) or in the cost domain (as a coupling constant). The two 721

descriptions are expressions in different domains but refer to the same δ, and therefore 722

necessarily yield the same numerical value. This is the principle of domain transformation. 723

Concretely: (i) In the geometric domain, the Shilov boundary volume ratio of D5, 724

determined by (5, 2), is “the fraction of possible configurations in which cost is incurred” 725

(§4). (ii) In the cost domain, α is “the probability that a CAS operation crosses the bracket 726

boundary” (§4). (iii) Both descriptions are projections of the same δ (quantity of change) 727

onto different domains. Their numerical identity is therefore not a coincidence but a 728

necessary consequence of the self-descriptive structure of the Banya equation. 729

This structure reflects the methodology of the axiomatic system itself: the Banya 730

equation is a tool for viewing the same object from multiple domains, and the value of 731

δ is preserved across domain transformations. This is the principle of “axiom mining”— 732

discovering hidden information through domain transformation and substitution. The 733

identity of the Shilov boundary volume ratio with α is one instance of this conservation 734

principle. 735

4.4. Numerical Result 736

1
α
= 137.036 082. (11) 737

CODATA 2022 experimental value [8]: 1/αexp = 137.035 999 177(21). 738

|α−1
derived − α−1

exp|
α−1

exp
= 6× 10−7. (12) 739

4.5. Factor Tracing 740

Every numerical factor in the Wyler formula is determined by the signature (5, 2): 741

Table 5. Axiomatic status of each factor in the Wyler formula.

Class. Factor Remarks

I 9 Residual cost 13−4=9. Analytically corresponds to dim SO(5)−dim SO(2) = 10−1. The unique factor
produced by the axiomatic system (Definition 2)

II π5/(24 · 5!) Hua volume of D5. Theorem 1 → (5,2) → D5 → Hua Ch. IV identity. Determined by mathematical
identity (Section 4)

II (·)1/4 Axiom 1 orthogonality → independence → geometric mean = (·)1/4. Derivation complete (Sec-
tions 4, 5)

II 8π4 Mathematically axiom-determined from the (5, 2)→ SO(5)× SO(2) group volume (Section 4)
All four factors are accounted for by the axiomatic structure. For the classification criteria, see Table 12.

Preprint — April 28, 2026 19



4.5.1. Forward Chain of π5/5! (Strong Result) 742

The exponent 5 in π5 equals the number of irreversible axes. This is not a coincidence but a 743

definitional consequence of the Cartan classification. We make the derivation chain explicit: 744

1. By Theorem 1 (uniqueness of the cost partition), the 7 axes are partitioned into 5 745

irreversible + 2 reversible. 746

2. This partition fixes the quadratic-form signature (p, q) = (5, 2). 747

3. The maximal compact subgroup of SO(p, q) = SO(5, 2) is SO(5)× SO(2). 748

4. The quotient space Dp = D5 = SO0(5, 2)/[SO(5)× SO(2)] (where SO0(5, 2) is the 749

identity component of SO(5, 2)) is a Cartan type IV bounded symmetric domain, and 750

its complex dimension is exactly n = 5 (Helgason [6], Hua [7] Ch. IV). 751

5. Substituting n = 5 into the type IVn Hua volume formula from Hua [7] Ch. IV, 752

VolHua(DIV
n ) = πn/(2n−1n!), yields π5/(24 · 5!) = π5/1920 (Eq. (13)). 753

At each step, “5” is the same number—the number of irreversible axes—propagated 754

through mathematical abstraction (signature→ group→ quotient space→ volume). Ac- 755

cordingly, the π5 in the Wyler formula is not a purely geometric constant; within the present 756

axiomatic system it admits a direct physical interpretation as the unit-sphere volume of the 757

complex 5-dimensional space collectively spanned by the 5 irreversible axes. It is not the case that 758

each complex dimension individually contributes a factor of π; rather, all 5 axes collectively 759

form a single 5-dimensional space whose volume is π5/5!. The remaining factors 9, 8π4, 760

and 24 in the table are likewise described within the axiomatic structure, through Theorem 1 761

and its automatic group-theoretic consequences. 762

π5/(24 · 5!) = D5 Hua volume: direct identity (Hua Ch. IV). The factor π5/(24 · 5!) in 763

the Wyler formula (10) is not two separate factors (π5/5! and 24) but a single object: the Hua 764

volume of D5. (“Hua volume” follows Hua [7] Ch. IV; the Wyler–Robertson literature [2,4] 765

calls it “Bergman volume.”) 766

The Hua volume formula for the type-IVn Lie ball DIV
n = SO0(n, 2)/[SO(n)× SO(2)] 767

is 768

VolHua(DIV
n ) =

πn

2n−1 · n!
, (13) 769

and substituting n = 5 gives π5/(24 · 5!) = π5/1920, identical to the Wyler factor. Once 770

the axioms force (5, 2) → D5 via Theorem 1, this volume is a mathematical identity of 771

standard Lie group theory (Hua Ch. IV, Helgason [6]) and is automatically determined 772

(classification II). 773

Axiomatic status of the four factors. Each factor in the Wyler formula (10) receives an 774

account within the axiomatic structure, at differing epistemic levels (Table 5): 9 is axiom- 775

derived from the cost accounting (I), π5/(24 · 5!) is axiom-determined as the D5 Hua 776

volume (II), 8π4 is mathematically axiom-determined from the (5, 2) → SO(5)× SO(2) 777

group volume (II), and (·)1/4 is axiom-determined as the geometric mean of 4 orthogonal 778

independent axes (II). 779

4.5.2. Status of the (·)1/4 Power — Geometric Mean of Orthogonal Independent Axes 780

Status of the 1/4 power. Axiom 1 declares the mutual orthogonality of the 4 domain 781

axes. Orthogonality = independence (as stated in the Hartley information paragraph of 782

Section 2.1). For n independent axes, the per-axis contribution is the geometric mean = 783

(total)1/n — this is a mathematical identity following from the definition of independence, 784

not an assumption. With n = 4 (domain axis count), the 1/4 power is mathematically 785

determined by the orthogonality of Axiom 1 (classification II). The 1/4 adopted by Wyler 786

on dimensional-analysis grounds is independently derived in the present axiomatic system. 787

Ratio interpretation: α = cost / structure (power division). By Proposition 1 (complete 788

descriptive degrees of freedom), the degrees of freedom of the axiomatic system split into 789
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two orthogonal categories: structure (DATA category, {1, 2, 3, 4, 7}) and cost (OPERATOR 790

category, {1, 4, 5, 9, 13}). The 4 domain axes (Axiom 1) correspond to the 4 of the structure 791

category; since these 4 axes are orthogonal (independent), they combine via geometric mean; 792

the total cost accumulated across 4 axes is the per-axis cost raised to the 4th power, and 793

conversely the per-axis cost is the total cost raised to the 1/4 power: 794

α = (cumulative cost over 4 axes)1/structure 4. (14) 795

From this perspective, the (·)1/4 power in the Wyler formula is the inverse operation of 796

the multiplicative combination of 4 domain axes, and other powers (1/2, 1/3, 1/5, . . .) are 797

inconsistent with the axiomatic system’s domain axis count of 4. The 1/4 power adopted 798

by Wyler on dimensional-analysis grounds is independently rediscovered in the cost ratio 799

interpretation of the present axiomatic system, and the convergence of two independent 800

paths weakens the hypothesis that this power is accidental (the α4 factor interpretation 801

immediately after Eq. (19) in Section 7.2 also rests on the same 4-domain-axis geometric- 802

mean identity). 803

Categorical distinction: why 4-fold and not 7-fold. The total internal DOF count of the 804

present axiomatic system is 7 = 4 + 3 (Proposition 1), but the geometric-mean combination 805

above applies only to the target space dimensions (4 domain axes) and not to the access 806

operations (3 CAS steps, which combine by sequential summation). 807

The 4 domain axes (Axiom 1) are the CAS’s access targets (target space) and candidates 808

for multiplicative combination — the observer domain is the target of CAS branch filtering, 809

the superposition domain is the target of CAS RLU indexing (RLU definition immediately 810

after Axiom 2), and the time and space domains are the targets of CAS writing. In con- 811

trast, the 3 CAS steps (Axiom 2) combine by sequential summation (this is why the cost 812

enumeration of Definition 1 counts 13 = 8 reads + 5 writes additively). 813

Consequently, the “7-fold alternative (·)1/7” is a category error that conflates two 814

different composition laws, and the n in (·)1/n is naturally restricted to the number of target 815

space dimensions (= 4 domain axes). 816

Mathematical basis of the multiplicative combination. The Banya equation (Axiom 1) has 817

an additive norm (δ2 = (·)2 + (·)2), but volumes are products of independent dimensions— 818

these are different tiers. Orthogonality = independence, and the per-dimension contri- 819

bution to a volume of n independent dimensions is the geometric mean = (·)1/n. This 820

is a mathematical property of orthogonal spaces, not an additional assumption. With 821

n = 4 (domain axis count), (·)1/4 is mathematically determined by the orthogonality of 822

Axiom 1 (classification II). Wyler’s 24 is not a separate factor but part of the Hua vol- 823

ume πn/(2n−1 · n!): substituting n = 5 yields 25−1 = 24 automatically (Eq. (13) and the 824

“π5/(24 · 5!) = D5 Hua volume direct identity” paragraph above). A separate mapping of 825

24 is therefore unnecessary. 826

4.5.3. Summary of the Derivation Chain 827

The status of the Wyler formula factors within the axiomatic system is classified as 828

follows. 829

(i) 9 = dim SO(5)− dim SO(2) analytically corresponds to the residual cost from the 830

axiomatic system’s cost accounting (axiom-derived). 831

(ii) π5/(24 · 5!) is the D5 Hua volume (Eq. (13)), axiom-determined once (5, 2)→ D5 832

is forced (classification II). 833

(iii) The denominator 8π4 is mathematically axiom-determined from the (5, 2) → 834

SO(5)× SO(2) group volume (classification II). 835
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(iv) The (·)1/4 power is the geometric mean of 4 orthogonal independent axes (Ax- 836

iom 1), mathematically axiom-determined (classification II). Derivation chain: 837

Axioms 1–4 + Proposition 1 Theorem 1−−−−−→ (5, 2)
group theory−−−−−−−→ D5

Wyler−−−→ α. (15) 838

5. Structural Consistency Check: Weinberg Angle 839

As a check of internal consistency, we derive an independent second physical constant 840

from the same axiomatic system. Here we derive the Weinberg angle sin2 θW . 841

5.1. Main Result: Minimal Form 842

The forward derivation of sin2 θW from the present axiomatic system yields Eq. (16): 843

sin2 θW =
7

2 + 9π
= 0.23122. (16) 844

The origins of the four structural constants are summarized in Table 6. The + in the 845

denominator (2 + 9π) is an orthogonal composition of the reversible 2 (cost reading) and the 846

irreversible 9π (norm reading)—matching Axiom 1’s orthogonal sum. No double counting. 847

This combination rule of cost reading and norm reading is formalized in the complete 848

axiomatic system [10] as the Axiom 4 proposition “Reading Cost in Norm” (v1.6) (cost ⊥ 849

norm orthogonal sum is expressed as standard arithmetic addition, consistent with the 850

framework’s +). 851

Table 6. Four structural constants in sin2 θW = 7/(2 + 9π).

Symbol Value Origin Reading type

7 Internal DOF Theorem 1: 5 irrev. + 2 rev. Cost reading (integer)
2 Reversible axes Theorem 1: observer, superposition Cost reading (integer)
9 Residual cost Definition 2: 13− 4 (irreversible) Cost reading (integer)
π Hemispheric arc Axiom 3+2: irrev.→ forward only Norm reading (geometric)

Experimental value at the MZ scale (MS scheme, PDG 2024 “Electroweak model 852

and constraints on new physics” section, ŝ2
Z = sin2 θ̂W(MZ)MS): sin2 θW = 0.23122 ± 853

0.00004 [11]. Experimental uncertainty: 0.017%; theory–experiment relative deviation: 854

4× 10−6. We emphasize that the comparison is restricted to a single definition—MS at 855

MZ—rather than the on-shell definition 1 − M2
W/M2

Z ≈ 0.22337 or the effective leptonic 856

definition sin2 θ
lept
eff ≈ 0.23155. The other fit rows of the “sin2 θ values” table in PDG 2024 857

(s̄2
Z ≈ 0.23129 all-data fit, 0.23122 LHC fit, etc.) are effective leptonic definitions and therefore 858

not the comparison target (ŝ2
Z and s̄2

Z are distinct definitions). 859

Note on energy scale and renormalization scheme. The experimental value of sin2 θW 860

depends on the energy scale and the renormalization scheme—the on-shell definition gives 861

approximately 0.2234, whereas MS at MZ gives approximately 0.23122, a difference of 862

about 3.5% between the two. The numerical value 0.23122 of the present formula agrees 863

with the latter (MS at MZ). We organize in four items how this agreement is situated within 864

the present axiomatic system. 865

1. The axiomatic system contains no energy scale—a statement of fact. Axioms 1–4 of this 866

paper contain no dimensionful quantities such as energy, mass, or length. Costs are 867

dimensionless integers (Axiom 3), and the structural constants are likewise dimen- 868

sionless (Proposition 1, Definition 1, Definition 2). All quantities produced by the 869

axioms are therefore dimensionless ratios that precede any energy scale. 870

2. System time vs. domain time—an interpretive placement. In the present axiomatic system 871

a single CAS cycle (rest→ R→ C→ S→ DATA commit) is one tick of “system time,” 872
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and the 13 boundary crossings of Definition 1 occur within this single tick. By contrast, 873

the “energy scale” that we measure (e.g. MZ = 91.2 GeV) is a quantity defined 874

on domain time, after rendering into DATA (classical bracket). The two temporal 875

layers operate at different granularities, and the present axiomatic system operates 876

exclusively at the system-time layer. 877

3. Agreement with MS at MZ. Which measurement scheme on the domain-time side the 878

structural ratio 7/(2 + 9π) produced at the system-time layer will agree with does 879

not follow automatically from the axioms. The alignment is natural: the MS scheme is 880

a “threshold-free” definition that explicitly removes physical particle-mass thresholds, 881

placing it aligned with the system-time layer of the present axiomatic system (where the 882

concept of threshold is absent). The on-shell definition, which incorporates physical 883

particle masses as thresholds, lies closer to the domain-time side. That the present 884

formula agrees with MS at MZ rather than the on-shell definition is consistent with 885

this placement. Because Axiom 3 of the full axiomatic system [10] explicitly declares 886

DATA (discrete) / OPERATOR (continuous), the system/domain time separation is 887

an immediate consequence of Axiom 1 (classification I; see Section 2). Axiom 3 of the 888

full system [10] further specifies this separation. 889

4. System→ domain time map. The separation of system time (δ) and domain time (time 890

axis) is an immediate consequence of Axiom 1 (Section 2). Specific correspondences 891

in physical equations are obtained by substituting known physical quantities into the 892

Banya equation. 893

The result is the fact that “a dimensionless ratio produced by the axiomatic system 894

agrees to four significant figures with one definition (MS at MZ) of the measured value.” 895

5.2. Structural Uniqueness of the Formula 896

We answer, from within the axiomatic system, the question “Why this particular 897

combination 7/(2 + 9π)?” In five steps we show that the degrees of freedom in choosing 898

operations are narrowed by the two reading principles of the axiomatic system together 899

with standard arithmetic. Steps (1)–(3) proceed automatically: orthogonal structure→ unit 900

sphere→ irreversible hemispheric arc→ norm reading 9π of the residual cost 9. Step (4) 901

uses orthogonal composition + as the combination rule for the two reading principles (cost 902

reading vs. norm reading)—this combination rule follows from applying Axiom 1 (norm 903

reading of +) and Axiom 3 (cost reading of +) to the same structural symbol. Step (5) is the 904

natural consequence of applying the ratio (= division) of standard arithmetic. 905

(1) π is unique. The three-axis orthogonality of the CAS (Axiom 2: R ⊥ C ⊥ S) defines 906

a Euclidean inner-product space. The only transcendental constant that can arise from the 907

unit sphere of a finite-dimensional real inner-product space is π—this is a direct conse- 908

quence of the sphere-measure formula Vol(Sn−1) = 2πn/2/Γ(n/2). Other transcendental 909

constants (e, ln 2, etc.) cannot emerge from an orthogonal norm structure. 910

(2) The hemisphere (π, not 2π) is unique. As shown in the “geometric measure of the 911

residual cost” paragraph immediately following Definition 1 and Definition 2, each + 912

crossing is irreversible by the forward-directedness of Axiom 2, and the arc length of a 913

single irreversible crossing is the hemisphere π (were it reversible the full sphere 2π would 914

apply, but only the forward direction is permitted, hence half). π/2 is a single-axis partial 915

crossing and therefore not the complete measure of one + crossing. The geometric cost of a 916

single + crossing is thus exactly π. 917

(3) 9× π is unique. The residual cost 9 (Definition 2) consists of 9 independent irre- 918

versible + crossings (8 reads + 1 commit). The arc length of each crossing is π by step (2). 919

The combination of 9 independent arcs is the sum of arc lengths (1-dimensional measure), 920

giving 9π. 921
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This is a geometrically distinct quantity from the 5-dimensional complex ball volume 922

π5/5! (multiplicative measure) of D5 that appears in the derivation of α—arc length is a 923

1-dimensional measure for which addition is natural, whereas volume is a dimensional 924

product measure for which multiplication is natural. In differential geometry the two 925

combination rules (addition / multiplication) are determined by the dimensionality of the 926

measure, and it is not a contradiction that the same axiomatic system, when applied to 927

different geometric objects, gives rise to different combination rules. 928

Forward reference: the present 9π is a raw use case of the axiomatic system (expressing 929

the cost reading 9 as the norm reading 9π), whereas the RLU coupled-access form ((4 + 930

1/π)) introduced in Section 7.2 of this paper belongs to a coupled use case of the axiomatic 931

system (adding the RLU mechanism for object identification) (see “Use-case classification” 932

immediately after Definition 1). The two forms are a natural classification of axiomatic- 933

system mechanisms and do not contradict each other. 934

(4) The + in 2 + 9π (arithmetic addition, consistent with the axiomatic-system +). The two 935

terms of the denominator belong to two distinct reading categories: 2 is the number of 936

reversible axes (cost reading integer, Theorem 1), and 9π is the norm reading of the irreversible 937

residual cost (arc length, Definition 2 + “geometric measure”). The combination of two 938

distinct readings is expressed by standard arithmetic addition (+), which is consistent with the 939

orthogonal composition + of the axiomatic-system axioms—because the axiomatic-system 940

+ (orthogonal composition, Axiom 1) is the natural expression of standard arithmetic + at 941

the axiomatic-system level (see Reader’s note, common misconception #3). Multiplication 942

implies sharing the same axis and is therefore inappropriate for an orthogonal reading 943

combination. 944

(5) Division (ratio, standard arithmetic). sin2 θW is a dimensionless mixing ratio and must 945

lie in [0, 1]. A ratio is expressed as division in standard mathematics; this is not “defined” by 946

the axioms but is a commonplace arithmetic operation—the present axiomatic system supplies 947

the numerator and denominator quantities (7 and 2 + 9π), and the division itself is standard 948

arithmetic. Addition (7 + (2 + 9π) ≈ 30.3) and multiplication (7× (2 + 9π) ≈ 212) both 949

fall outside [0, 1] and are therefore excluded (arithmetic fact). Because the denominator 950

exceeds the numerator (2 + 9π ≈ 30.27 > 7), the result naturally lies in the [0, 1] range. 951

This is exactly the share/ratio form of a standard mixing angle (sin2 θW = “one component2
952

/ total2”). 953

Exclusion of alternatives. 954

(7− 2)/(9π) ≈ 0.177: (7− 2) is not arithmetic subtraction but set subtraction (= filter)— 955

a standard set operation that filters out the reversible part 2 from 7 (= 5 irreversible + 2 956

reversible, Theorem 1), leaving only the irreversible 5. This set-subtraction/filter operation 957

is not defined by the axioms but is a commonplace set operation applied to the axiomatic- 958

system quantities (7, 2). 959

However, this form discards the reversible part (2) from the result—this undermines 960

the “irreversible/reversible ratio” meaning of a mixing angle (mixing is a ratio of two 961

domains, not a quantity of one domain alone). The canonical form 7/(2 + 9π) of this paper 962

preserves the full 7 (cost reading) in the numerator and includes both the reversible 2 (cost 963

reading) and the irreversible 9π (norm reading) in the denominator, thereby preserving 964

the complete quantity structure of the axiomatic system. Accordingly, (7− 2)/(9π) is 965

arithmetically valid but incompatible with the mixing interpretation and is excluded. 966

7/(9π − 2) ≈ 0.260: subtracting the reversible cost-reading 2 from the irreversible 967

norm-reading 9π is a cross-reading filter; unlike set subtraction within a single reading, it 968

is meaningless (a filter removes a subset from within one set). Removing either 2 or 9π 969

from the denominator omits part of the descriptive degrees of freedom and is therefore 970

incomplete. 971
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Conclusion: in the formula 7/(2 + 9π), the origin of each number (axioms), the 972

uniqueness of the geometric constant (π), the necessity of the hemisphere (irreversibility), 973

the additivity of arc lengths, the category combination rule (+ as orthogonal composition of 974

two readings), and the ratio operation (standard arithmetic ratio)—all of these are forced by 975

the two reading principles of the axiomatic system together with standard arithmetic. All 976

five steps are a forward chain, and none of them involves a “choice.” The “mechanism by 977

which the axioms automatically produce this ratio” is the combination of the two reading 978

principles with standard arithmetic, and this is of the same strength as the forward chain in 979

which the Wyler volume ratio yields the coupling constant in the derivation of α. 980

Relation of the present derivation path to other candidates. The full axiomatic system [10] 981

records, in addition to the present 7/(2 + 9π), several other dimensionless candidate 982

expressions for sin2 θW (e.g. a purely geometric form (4π2 − 3)/(16π2), an information- 983

theoretic form 1/ log2 20, etc.). These candidates also approach the experimental value 984

0.23122 to within 0.1%. 985

However, the derivation of this paper is explicitly based on the cost enumeration of 986

Definition 1 and the residual cost 9 of Definition 2. The other candidates do not use this 987

enumeration and belong to derivation paths different from the axiomatic chain of this paper 988

(Axiom 3→ Definition 1→ Definition 2→ residual cost 9× hemisphere π). This paper 989

presents the form that is forced on this enumeration-based path; evaluation of the other 990

candidates lies outside the scope of this paper. 991

The derivation path of this paper is tied to a single cost enumeration—that of Defini- 992

tion 1 and Definition 2—and within this tie there is no free choice. 993

5.3. Significance of Independence 994

α and sin2 θW emerge from distinct forward chains within the same axiomatic system: 995

• α: signature (5, 2) → SO0(5, 2) → D5 volume ratio. Each factor is accounted for at 996

a different epistemic level: 9 is axiom-derived (I), π5/(24 · 5!) Hua volume is axiom- 997

determined (II), 8π4 group volume is axiom-determined (II), (·)1/4 geometric mean is 998

axiom-determined (II) (see Table 5). 999

• sin2 θW : cost reading of 7 (= 5 irreversible + 2 reversible, Theorem 1) and the standard 1000

arithmetic ratio 7/(2 + 9π) with the cost + norm reading combination 2 + 9π in the 1001

denominator. 1002

The derivation paths are independent. Because α does not enter the formula for sin2 θW , 1003

the independence is complete. That the results of two forward chains from a single set of 1004

axioms converge on experimental values with relative deviations of 6× 10−7 and 4× 10−6, 1005

respectively, is difficult to dismiss as numerological coincidence. 1006

6. Response to Robertson/Gilmore Criticisms 1007

We address three criticisms [4,5] directed at the Wyler formula. 1008

6.1. (R1) Lack of physical motivation: “Why should D5 be related to electromagnetism?” [4] 1009

Response. D5 is the space of transformations connecting the irreversible domain (where 1010

cost is incurred) to the reversible domain (where no cost is incurred). An electromagnetic 1011

interaction, in the present axiomatic system, is the process in which the CAS crosses the 1012

bracket boundary from OPERATOR to DATA and modifies the state. D5 represents all 1013

possible configurations of this process, and α is the fraction that is actually realised. The 1014

physical motivation is the interpretation as “all possible ways of paying cost.” 1015
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6.2. (R2) Arbitrariness of group selection: “Why SO(5, 2)?” [4] 1016

Response. By Theorem 1, the signature (5, 2) is forced by the axioms. Once the signature 1017

is determined, the preservation group can only be SO(5, 2). The group is not arbitrary—the 1018

axioms force the signature, and the signature forces the group. 1019

6.3. (R3) Non-uniqueness of measure selection: “A different symmetric space yields a different 1020

value” [5] 1021

Response. Gilmore’s criticism is that “there are degrees of freedom in choosing the 1022

symmetric space.” In the present axiomatic system the symmetric space is not chosen—it is 1023

derived from the axioms. Because the irreversible cost classification (Proof A of Theorem 1) 1024

is completely fixed by the axioms, the signature (5, 2) and the resulting D5 are the unique 1025

outcome. There are no degrees of freedom to choose “a different symmetric space.” 1026

Concretely: Gilmore’s counterexamples hold when one assumes “a dimension other 1027

than 7” or “a signature other than (5, 2).” In the present axiomatic system, however, the 1028

dimension 7 is fixed by Proposition 1 (descriptive degrees of freedom: 4 domain axes from 1029

Axiom 1 + 3 CAS stages from Axiom 2), and the signature (5, 2) is fixed by Theorem 1. All 1030

of Gilmore’s degrees of freedom are thereby eliminated. 1031

7. Auxiliary Results 1032

7.1. Independent structural match: Hamming error-correcting code 1033

This paper focuses on the derivations of α and sin2 θW . To show that these two 1034

derivations are not single-constant fits, the most direct approach is to confirm that the core 1035

numbers of the same axiomatic system also appear in an information-theoretic domain 1036

unrelated to either derivation. In this section we present one such independent result from 1037

the information-theory literature that uses neither α nor sin2 θW . 1038

By Proposition 1 (descriptive degrees of freedom), the total number of internal degrees 1039

of freedom of the present axiomatic system is 4 (domain axes) + 3 (CAS stages) = 7. This 1040

number 7 exactly matches a well-established result in classical information theory—the 1041

minimum code length to protect a 4-bit message against single-bit errors [30]: 1042

nHamming = 7. (17) 1043

The Hamming code [7, 4, 3] consists of 4 message bits and 3 parity bits. This decomposition 1044

is structurally identical to the 7 = 4 + 3 decomposition of the present axiomatic system 1045

(4 domain axes of Axiom 1 + 3 CAS stages of Axiom 2). Hamming’s (1950) derivation is 1046

based on the parity check matrix and minimum distance analysis, and has no conceptual 1047

connection to CAS or the present axiomatic system. This match is therefore not a causal 1048

borrowing but the fact that two independent derivations converge on the same decomposi- 1049

tion 4 + 3 = 7. The numerology hypothesis (coincidence of small integers) cannot explain 1050

why the decomposition into 4 and 3 also matches. 1051

Natural extension to the quantum domain. The Steane code [[7, 1, 3]] [31] in quantum 1052

information theory is a quantum error-correcting code built on the present Hamming code 1053

[7, 4, 3] via the CSS (Calderbank–Shor–Steane) construction, encoding 1 logical qubit in 1054

7 physical qubits. That is, the 7 = 4 + 3 decomposition of the present axiomatic system 1055

matches at the classical Hamming level, and the Steane code is the quantization of this classical 1056

structure. The match thus extends naturally from classical information theory (Hamming, 1057

1950) to quantum information (Steane, 1996). 1058

The status of this correspondence: the axioms force 4+3=7 (classification I, Proposi- 1059

tion 1), and the Hamming bound—a theorem of classical information theory—uniquely 1060

determines that the perfect single-error-correcting code for 4-bit messages is [7, 4, 3] with 3 1061

Preprint — April 28, 2026 26



parity bits. This is the same pattern by which the Hua volume (classification II) is deter- 1062

mined once (5, 2)→ D5 is forced: the axioms fix the structure, and external mathematics 1063

completes the identification. Classification II. 1064

Classical vs. quantum level specification. This match is confined to the 4 message + 3 1065

parity decomposition of the classical Hamming code [7, 4, 3] and the 4 domain + 3 CAS stages 1066

decomposition of the axiomatic system. As noted above, the quantum Steane code [[7, 1, 3]] 1067

is built on this classical Hamming code via the CSS construction, and its quantum-level 1068

decomposition is 1 logical qubit + 6 stabilizer generators (3 X-type + 3 Z-type), which 1069

structurally differs from the axiomatic system’s 4 + 3. The 7 = 4 + 3 match of the present 1070

axiomatic system is therefore a structural matching with the classical information-theory level 1071

of cost enumeration and does not directly verify the quantum-mechanical content of the 1072

axiomatic system — the quantum aspect of the axiomatic system (in particular the Born 1073

rule) lies outside the 4-axiom scope of this paper but is derived in the complete system [10] 1074

(Axiom 15→ Axiom 3→ Axiom 2; see Section 8). 1075

Cl(0,7) algebraic deepening — complete axiomatic system v1.6 integration. By the 7-axis 1076

orthogonal Clifford form proposition (a structural consequence of Axiom 1) added in the 1077

complete axiomatic system [10] v1.6, the 7 degrees of freedom of the present axiomatic 1078

system are explicitly identified not as a mere dimension count but as the 7 generators of 1079

the Cl(0,7) Clifford algebra. That is, {γ1, . . . , γ7} decompose into 4 domain generators (time, 1080

space, observer, superposition; Axiom 1) and 3 CAS-stage generators (R, C, S; Axiom 2), 1081

satisfying γ2
k = −1 and γiγj = −γjγi (i ̸= j). The multivector dimension of this algebra is 1082

dim Cl(0, 7) =
7

∑
k=0

(
7
k

)
= 1 + 7 + 21 + 35 + 35 + 21 + 7 + 1 = 27 = 128, (18) 1083

which exactly matches the present axiomatic system’s data type 128 = T(16) + 1 = 8 + 128 + 1, 1084

the 128 part (Axiom 9 proposition; the state space dimension of data type 137). 1085

By this mapping, the agreement with the Hamming code [7, 4, 3] is strengthened 1086

from a mere structural matching (numerology resistance level: agreement up to the 4 + 3 1087

decomposition) to an algebraic isomorphism. Specifically: (i) the 7 code bits of the Hamming 1088

7-bit code space ↔ the 7 generators of Cl(0,7); (ii) the 4 message bits of the Hamming 1089

code ↔ the 4 domain generators of the present axiomatic system; (iii) the 3 parity bits 1090

of Hamming ↔ the 3 CAS-stage generators of the present axiomatic system; (iv) the 1091

27 = 128 codewords of the Hamming code space (information + parity)↔ the 128 objects 1092

of the Cl(0,7) multivector space dimension — all in one-to-one correspondence. This 1093

isomorphism is a candidate for potential promotion from this paper’s classification III 1094

“structural matching” to classification II “algebraic identity automatically confirmed by 1095

the axioms”; the formal proof (e.g., the equivalence of the Hamming code’s syndrome 1096

decoding with the grade projection of Cl(0,7)) is left to follow-up work. This deepening 1097

does not exceed the 4-axiom scope of this paper (the Cl(0,7) proposition is a structural 1098

consequence proposition derived from Axiom 1, not a new axiom addition). 1099

7.2. Independent production candidate: baryon-to-photon ratio (ηB) 1100

The Standard Model does not naturally produce the cosmic baryon-to-photon ratio 1101

ηB ≈ 6× 10−10—that is, “why does roughly 1 baryon survive per ∼ 109 photons?” The 1102

three necessary conditions for matter–antimatter asymmetry (baryon number violation, 1103

C/CP violation, departure from thermal equilibrium) are known, but a mechanism that 1104

derives the precise numerical value of ηB from these conditions has not been found within 1105

the Standard Model. In this section we present a production of ηB using only the two 1106

quantities (α and sin2 θW , both forward chain) produced by the present axiomatic system. 1107

The correction form (4 + 1/π) of this result is at axiom-described level (classification III) (α 1108
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and sin2 θW are forward; RLU itself is axiomatically required for CAS, the + in (4 + 1/π) is 1109

uniquely determined by Axiom 1’s orthogonal composition, and the formal systematization 1110

of the full RLU mechanism is classification III; the prefactor 2 is directly derived from the 1111

meta-level orthogonal category count of the axiomatic system (A1c)). 1112

Formula. 1113

ηB = α4 · sin2 θW ·
[

1− 2
(

4 +
1
π

)
α

]
= 6.14× 10−10. (19) 1114

Origin of each factor in the paper’s vocabulary: 1115

• α: from Section 4 via signature (5, 2)→ D5 →Wyler formula. All 4 factors produced 1116

from axiomatic structure (Table 5). 1117

• The exponent 4 in α4: directly derived from Axiom 2 (CAS) via two complementary in- 1118

terpretations, both pointing to the same 4 of the axiomatic system (detailed justification 1119

in the “Structural meaning of α4” paragraph of this section). 1120

• sin2 θW : produced in Section 5 (forward chain, 5 steps). 1121

• The correction (4 + 1/π): the coupled access expression between RLU (defined imme- 1122

diately after Axiom 2) and an object (“ball”) registered in a DATA slot. 4 = number 1123

of domain components covered by one access (the 4 orthogonal axes of Axiom 1; if 1124

even 1 axis is missing, a different object is identified; a cost reading integer); 1/π = the 1125

identification expression of RLU itself (see immediately after Axiom 2): the basic unit 1126

of the RLU mechanism that distinguishes 1 object over the angular range π—not the 1127

reciprocal of the arc length but an identification ratio inherent in the RLU definition, 1128

belonging to a separate category that falls under neither cost reading nor norm reading. 1129

The combination (+) of the two terms joins two orthogonal categories (the domain 1130

axis count from cost reading and the identification expression defined by the RLU 1131

mechanism) via the orthogonal sum + of Axiom 1 — not arithmetic addition (see 1132

Reader’s note, common misconception #3). 1133

• The prefactor 2 in −2× (. . .)α: the meta-level orthogonal category count of the axiomatic 1134

system. Two equivalent interpretations, both derived directly from the axioms of the 1135

axiomatic system: (i) two-bracket orthogonality of Axiom 1: DATA bracket ⊥ OPERA- 1136

TOR bracket⇒ bracket count = 2. (ii) structure ⊥ cost orthogonality of Proposition 1: 1137

the degrees of freedom partition orthogonally into a structure category (DATA) and 1138

a cost category (OPERATOR)⇒ meta category count = 2. Both interpretations are 1139

different expressions of the same axiomatic-system orthogonality and yield the same 1140

result (2). Since RLU coupled access must cover both orthogonal aspects within a 1141

single access (both the structure component and the cost component, or equivalently 1142

both DATA-side information and OPERATOR-side information), the correction con- 1143

tribution accumulates twofold — this is the axiomatic-system-internal forcing of the 1144

prefactor 2. 1145

Structural meaning of α4: two axiomatic-system interpretations via ball value 4 and CAS state 1146

space. 1147

The exponent 4 in α4 is directly derived from Axiom 2 (CAS) via two complementary 1148

interpretations, both pointing to the same 4 of the axiomatic system. 1149

Interpretation (i): ball value view (cost side). By Definition 2, creating 1 “ball” (the 1150

minimum mass unit of the axiomatic system) requires 4 writes: 1 time write (timestamp) + 1151

3 space writes (x, y, z coordinates). This is the ball value 4 (see Definition 2). That is, 4 is the 1152

cost count for completing 1 ball. 1153

Interpretation (ii): CAS state-space view (state side). The monotone bit progression of the 1154

3 CAS stages (R, C, S) passes through 4 states: 000→ 001→ 011→ 111 (000 is the CAS rest 1155

state, the starting point of the “rest→R→C→S→DATA commit” cycle of Definition 1). The 1156
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count of possible monotone progression states is exactly 4. That is, 4 is the count of the CAS 1157

ball-completion progression state space. 1158

Relation to Axiom 2: Axiom 2 specifies only the 3 stages R, C, S, and the 000 “rest state” 1159

is an operational definition introduced in Definition 1 as the starting point of this cycle, not 1160

an additional stage of Axiom 2. Interpretation (ii) is a restatement of interpretation (i)’s ball 1161

value view as “starting point + 3 stages = 4 positions” (classification III). 1162

The two interpretations converge on the number 4 but, by the structure ⊥ cost orthogo- 1163

nality of the axiomatic system (see Section 8, “Constraining the search space” paragraph), 1164

are quantities of different categories — (i) is a cost-category 4 (ball value, Definition 2), (ii) is 1165

a state-space-side 4 (CAS monotone state count). Both are directly derived from Axiom 2, 1166

and the fact that two independent routes converge on the same numerical value 4 strengthens 1167

the axiomatic-system-internal motivation for the exponent 4 in α4. The convergence of two 1168

independent routes to the same numerical value 4 constitutes strong internal evidence; 1169

formal unification of the two categories is addressed in the complete system [10] (see the 1170

earlier delimitation regarding the multiplicative-coupling assumption of 4 domain axes). 1171

Baryon and the 111 state. CAS Swap is “the final stage that registers matter in DATA” 1172

(Axiom 2), and upon completion of this stage the CAS state reaches 111. This 111 state is a 1173

completed ball in the axiomatic system, corresponding to a baryon in physics (a particle with 1174

mass that persists) — that is, baryon ≡ 111 CAS state ≡ object registered by consuming all 1175

ball value 4. 1176

Physical interpretation of α4. α is the cost ratio of one cycle (see Section 4, “ratio 1177

interpretation”), and α4 is this ratio to the 4th power = the combined cost ratio of ball value 1178

4 = the cost ratio of 1 ball that has completed the 4-state CAS progression. This is compatible 1179

with the standard scaling of rare processes of standard physics (∼ (small parameter)N , N = 1180

number of process-completion steps) — baryon survival requires 4-step completion, so its 1181

cost ratio appears as α4. Other powers (α, α2, α3, . . .) do not match the ball value 4 of the 1182

axiomatic system and are therefore not permitted at the axiom level. 1183

Baryon versus photon. ηB is the baryon-photon ratio. A baryon is a DATA-registered 1184

object (having reached the 111 state by consuming ball value 4); a photon is an OPERATOR- 1185

traversing object (traversing the axiomatic system without DATA registration). The two 1186

objects belong to different categories, so their ratio ηB expresses the DATA-side registration 1187

cost ratio and naturally contains α4 (the 4th power of ball value 4). 1188

Relation to standard baryogenesis — CAS mapping of Sakharov’s three conditions. In the com- 1189

plete axiomatic system [10], Sakharov’s [38] three necessary conditions are automatically 1190

satisfied by the CAS structure: 1191

1. Baryon number non-conservation (B violation): when CAS Swap crosses a domain bound- 1192

ary (+), the FSM state is rearranged and baryon-number-violating paths open (Ax- 1193

iom 3). 1194

2. C/CP violation: CAS is irreversible — the order R→ C→ S is forced and the reverse 1195

S → C → R is undefined (Axiom 2). Because CAS−1 does not exist, CP symmetry 1196

cannot be restored. 1197

3. Departure from thermal equilibrium: the recovery of the residual cost 9 by RLU is not 1198

instantaneous but proceeds via geometric decay (Section 2). This delay corresponds 1199

to departure from thermal equilibrium. 1200

The three conditions emerge from three different axioms. When CAS exists, Sakharov’s 1201

conditions are structurally embedded. 1202

Unique predictions: (a) The magnitude of CP violation JCKM ≈ 3 × 10−5 must be 1203

derivable from the phase volume of the irreversible CAS cycle — in the complete axiomatic 1204

system [10], JCKM = 3.10× 10−5 (experimental value (3.08± 0.15)× 10−5, deviation 0.62%) 1205
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is already produced. (b) Whether the numerical coincidence 23 = 8 (CAS states) and the 1206

baryon octet is structural is recorded as a structural prediction. 1207

RLU coupled access interpretation. 1208

We present an axiomatic-system-internal explanation for why the correction (4 + 1/π) 1209

takes this form. (4 + 1/π) itself is the formula expression of coupled access between RLU 1210

and a domain object — in the same sense that “qE is the definition itself of the electric-force 1211

coupling.” 1212

Forcing by the principle of least action. As stated in Section 2.1, “Least action and 1213

minimum cost” subsection, the present axiomatic system takes as its core principle that all 1214

change follows the minimum cost path. This is the axiomatic-system-vocabulary expression 1215

of the principle of least action in physics. This principle forces RLU coupling: 1216

• Raw access (without coupling): reading the 4 domain components of one object requires 1217

one + traversal per component = total 4 + traversals = cost 4. 1218

• Coupled access (via RLU): the RLU index bundles the 4 components into a single object. 1219

Access to all 4 components via a single + traversal on this single object. Cost ≈ 1 core 1220

access + 1/π geometric weight ≈ 1.318. 1221

• Cost difference: 4→ 1.318 — approximately 70% cost savings. 1222

The principle of least action (= minimum cost) forces the selection of coupled access 1223

over raw access. RLU coupling is therefore not a choice but a necessity in the axiomatic 1224

system. 1225

Computer science analogy and key difference. This mechanism has the same cost-saving 1226

structure as pointer dereference optimization in computer science, but the identification mecha- 1227

nisms differ. In C: 1228

• Raw method: read each of the 4 components via a separate memory access (4 reads). 1229

• Dereference method: access the entire struct via a single pointer dereference (*ptr) (1 1230

read + small overhead). 1231

The RLU index plays the role of this “pointer,” accessing all 4 domain components in a single 1232

+ traversal. Key difference: a CS pointer uses a logical address, but RLU does not use logical 1233

addresses. Instead, RLU is an addressless angular index that distinguishes targets by angular 1234

coordinate (theta angle) in the OPERATOR bracket (see the RLU definition immediately after 1235

Axiom 2). In both cases the core cost saving is covering 4 components in 1 access, but RLU 1236

uses angular distinction due to the “addressless” property of the axiomatic system — this 1237

is why 1/π appears (1 unit distinction over the angular range π). Minimum cost in the 1238

present axiomatic system, least action in physics, and dereference optimization in computer 1239

science — three domains expressing the same cost-saving principle, though the identification 1240

mechanism (addressless angular vs. addressed integer) differs across systems. 1241

Decomposition of (4 + 1/π). The cost encoding of this forced coupled access: 1242

• 4 = “number of domain components covered” (cost reading: the integer 4 axes of 1243

Axiom 1) — all 4 axes must be included in one access for object identification. 1244

• 1/π = the identification expression of RLU itself : the essential definition of the mechanism 1245

by which RLU distinguishes targets by angular coordinate (theta angle) without logical 1246

addresses (see the RLU definition immediately after Axiom 2). That is, a unit ratio 1247

of identifying 1 object over the angular range π, not derived arithmetically as “the 1248

reciprocal of the arc length” but a quantity that the RLU mechanism itself introduces 1249

into the axiomatic system. This quantity belongs to a separate category (the RLU 1250

mechanism definition category) falling under neither cost reading nor norm reading, 1251

and together with the two reading principles constitutes the quantity-production 1252

toolkit of the axiomatic system. 1253
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• + = combines two different categories (4 is the domain axis count from cost reading; 1254

1/π is the identification expression defined by the RLU mechanism) within a sin- 1255

gle coupled access. Combined via the orthogonal sum + of Axiom 1, not arithmetic 1256

addition — the two terms are not two quantities of the same type but quantities of 1257

two orthogonal categories, so the “type error” concern from the quantum information 1258

community does not arise (arithmetic addition operates within the same type; the + of 1259

the present axiomatic system operates between orthogonal categories — see Reader’s 1260

note, common misconception #3). 1261

Difference from 9π in sin2 θW — different use cases of the same axiomatic system. The 1262

(4 + 1/π) of this section and the 9π of sin2 θW = 7/(2 + 9π) in Section 5 may appear to 1263

have different forms, but both express different use cases of the axiomatic system: 1264

• 9π in sin2 θW = sum of raw + traversals. Simple accumulation of the arc length π for 1265

each of the 9 irreversible + traversals (9× π). Raw cost before coupling. The mixing 1266

angle is an internal structural ratio of the axiomatic system, so the raw form is natural. 1267

• (4 + 1/π) in ηB = encoding of coupled 1-access. Access to 4 domain components via a 1268

single + traversal through RLU. Minimum cost after coupling. Since baryogenesis 1269

centers on object identification (surviving baryons), the RLU coupled form is natural. 1270

The difference in form is therefore the natural classification of mechanisms in the axiomatic 1271

system: internal structural ratios take the raw nπ form, while object-identification-related 1272

quantities take the coupled (m + 1/π) form. 1273

Numerical results and comparison: 1274

α4 = (1/137.036)4 = 2.834× 10−9, 1275

α4 · sin2 θW = 6.55× 10−10, 1276

1− 2(4 + 1/π)α = 1− 0.0630 = 0.937, 1277

ηderived
B = 6.55× 10−10 × 0.937 = 6.14× 10−10. (20) 1278

Planck 2018 measurement [11]: η
exp
B = (6.12± 0.04)× 10−10 (converted from Ωbh2). 1279

The difference between the present production and the measured value is 0.5σ. 1280

Status. Each component of (4 + 1/π) is forced by the axiomatic structure: 4 is the 1281

domain axis count (Axiom 1), 1/π is the RLU identification unit (defined after Axiom 2), 1282

and + is the orthogonal composition (Axiom 1). No other combination operation exists in 1283

the axiomatic system, so this form is unique within the axiomatic structure. The least-cost 1284

principle forces coupled access (Section 2.1), and the numerical result agrees with the 1285

measured value at 0.5σ. Prefactor 2 is directly derived from the two-bracket orthogonality 1286

of Axiom 1 (classification II). Specifically: 1287

1. Forward part: the product α4 · sin2 θW itself is the direct product of two quantities 1288

derived in the paper, and the exponent 4 = number of domain axes is natural (forward 1289

chain). 1290

2. RLU mechanism extension part: the 1/π in the correction (4 + 1/π) is the angular 1291

discrimination density of RLU, unlike 9π in sin2 θW (norm reading), and requires an 1292

extension of the two reading principles (the reciprocal of norm reading does not fit di- 1293

rectly into the standard two readings). This extension belongs to the axiom-described 1294

tier (classification III); RLU itself is axiomatically required, and the + combination is 1295

uniquely determined by Axiom 1’s orthogonal composition. 1296

3. Axiomatic-system-internal interpretation of prefactor 2: the prefactor 2 is motivated by 1297

the meta-level orthogonal category count of the axiomatic system. Two equivalent in- 1298

terpretations: (i) two-bracket orthogonality of Axiom 1 (DATA ⊥ OPERATOR ⇒ 1299

bracket count = 2), or (ii) structure ⊥ cost orthogonality of Proposition 1 (meta cat- 1300
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egory count = 2). The interpretation is that since RLU coupled access must cover 1301

both orthogonal aspects, the correction contribution accumulates twofold. The multi- 1302

plicative coupling “two aspects covered⇒ twofold accumulation” follows the same 1303

“orthogonality→independence→multiplication” pattern as (·)1/4: independent di- 1304

mensions contribute multiplicatively, which is a mathematical property of orthogonal 1305

spaces (classification II, Table 12). 1306

4. Overall status: the ηB production is “α4 × sin2 θW part is forward chain (α and sin2 θW 1307

are both forward), the combination form (4 + 1/π) has each component forced by 1308

the axiomatic structure and the combination is unique within the axiomatic system’s 1309

orthogonal composition.” 1310

5. Remaining scope: the complete classification of external candidate axiom sets (rule 1311

selection problem) is an open problem common to digital physics in general (clas- 1312

sification IV). Within the axiomatic structure of this paper, each component and 1313

combination form of (4 + 1/π) is forced, and α, sin2 θW , and ηB are all products of the 1314

axiomatic structure. 1315

Forward-testability. ηB measurements will be refined by future CMB precision experi- 1316

ments (CMB-S4, LiteBIRD, and other next-generation experiments) and precision big-bang 1317

nucleosynthesis measurements. The present 0.5σ agreement is verifiable/falsifiable by 1318

future precision improvements. ηB is one of the forward-testable items of this paper (4 1319

additional predictions are listed in Table 13), and despite its axiom-described status (classi- 1320

fication III), considering that ηB is a cosmological initial condition that the Standard Model 1321

does not naturally produce, the fact that the present axiomatic system reaches within 0.5σ of 1322

the measured value using only the two quantities derived in the present paper, (α, sin2 θW) 1323

demands subsequent forward verifications. 1324

Meaning and limitations of forward-testability (falsifiability). The results of this paper fall 1325

into three categories. 1326

Category Result Type Verification

Forward chain
derivation

α = 1/137.036, sin2 θW =

0.23122
post-dictive
matching

Agreement with mea-
sured values (6× 10−7,
4× 10−6)

Structural
match

Hamming [7, 4, 3]:
7 = 4 + 3 decomposition
match

post-dictive
matching

Structural, not quanti-
tative

Axiom-
described
(III)

ηB = 6.14× 10−10 forward-testable Verifiable/falsifiable
by future CMB. Cur-
rently 0.5σ

1327

Under Popper’s falsifiability criterion, (i) and (ii) are “the axiomatic system reproduces 1328

known values” (forward derivation or mathematically determined correspondence), and 1329

(iii) is “the axiomatic system is verifiable by future measurements.” The grounds for 1330

the claim that this paper “differs from curve fitting” are (a) the search-space restriction 1331

argument of Section 8, (b) the axiom-internal forcing of the two forward-chain derivations 1332

(α, sin2 θW), and (c) the future verifiability of ηB. The complete axiomatic system [10] records 1333

130 unique predictions, and additional forward items will be presented in follow-up papers. 1334

8. Discussion 1335

8.1. The energy-scale problem 1336

The present derivation corresponds to α in the low-energy limit (q2 → 0). The reason 1337

is as follows: the axiomatic system computes the “base cost” of a CAS operation, and this 1338

base cost corresponds to the measured value in the low-energy limit. The experimentally 1339
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measured α = 1/137.036 in QED is a renormalized coupling constant that runs with 1340

energy, yielding α(MZ) ≈ 1/128. That the present derivation reproduces this low-energy 1341

limiting value follows from the Wyler volume ratio reflecting the full geometric structure 1342

of D5. Since Axiom 3 of the complete axiomatic system [10] declares the DATA (discrete) / 1343

OPERATOR (continuous) distinction, the system/domain time separation is an immediate 1344

consequence of Axiom 1 (classification I; see Section 2), and Axiom 3 of the complete 1345

system [10] further specifies the discrete-to-continuous transition. Note on scheme dependence 1346

of sin2 θW . The value sin2 θW = 7/(2 + 9π) = 0.23122 derived from the present axiomatic 1347

system agrees with the experimental value in the MS @ MZ scheme (≈ 0.23122) to a 1348

relative deviation of approximately 4× 10−6. By contrast, the on-shell scheme value is 1349

approximately 0.2234, differing by about 3.5%. 1350

The MS scheme provides a “threshold-free” value from which physical particle-mass 1351

thresholds have been removed, and the structural ratios of the present axiomatic system 1352

operate at a level prior to the definition of energy scales. Since Axiom 3 of the complete 1353

axiomatic system [10] declares the DATA (discrete) / OPERATOR (continuous) distinc- 1354

tion, the correspondence with the threshold-free scheme is consistent with the axiomatic 1355

structure. The system/domain time separation is an immediate consequence of Axiom 1 1356

(Section 2); specific correspondences in physical equations are obtained by substituting 1357

known physical quantities into the Banya equation. 1358

8.1.1. CAS cost mechanism for α running 1359

In the complete axiomatic system [10], the energy dependence (running) of α is de- 1360

scribed as the accumulation of CAS Compare-false events. Each time CAS returns false at 1361

the Compare stage, a virtual pair is generated (one loop), and the accumulation count N 1362

corresponds to the energy scale: 1363

α(N) =
α

1− αN
3π

. (21) 1364

In the denominator, 3 = CAS 3 stages (R, C, S) and π = one-cycle phase of the d-ring. The 1365

standard QED 1-loop β-function coefficient is 2/(3π), where the denominator 3 is the CAS 1366

step count. In Eq. (21), N is the effective accumulation count including charge degrees of 1367

freedom, corresponding to 2 ∑ f Q2
f ln(µ/m f ). The 2-loop coefficient β1 = −1/4 exactly 1368

matches −1/4 = the reciprocal of the number of domain axes on which Swap operates [10]. 1369

For QCD, the 1-loop β0 = 7/(4π) has numerator 7 = the CAS complete descriptive 1370

degrees of freedom (Proposition 1), and 11Nc − 2n f = 21 = 3× 7 is CAS 3 stages × 7 1371

degrees of freedom [10]. 1372

Unique prediction: if β-function coefficients at n-loop are functions of CAS structural 1373

numbers, then β2, β3, and higher-order coefficients must systematically contain CAS 1374

structural numbers (3, 4, 7, 9, 13). Confirmation of this pattern would establish the CAS 1375

origin of running couplings; failure would reveal the limits of this correspondence. 1376

8.1.2. Structural interpretation of 137 = 128 + 9 1377

The internal degrees of freedom of the present axiomatic system can be represented 1378

with 7 bits (Proposition 1: 4 domain axes + 3 CAS stages = 7; Axiom 4: δ is a global flag 1379

outside this 7-bit finite state machine (FSM)). The axiomatic system possesses the following 1380

three integer invariants internal to the system: (i) 128 = 27 (number of possible states of the 1381

7-bit FSM); (ii) 9 = 13− 4 (residual cost arithmetic, Definition 2); (iii) the integer part 137 1382

of 1/α from the Wyler derivation (Section 4). These three integers satisfy the arithmetic 1383

relation 137 = 128 + 9. By the Cl(0,7) Clifford form proposition of the complete axiomatic 1384

system v1.6 [10], the 128 = 27 in (i) is algebraically identified, beyond a 7-bit state count, 1385

with the multivector space dimension of Cl(0,7) (Eq. (18)) — that is, the algebraic essence 1386
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of data type 128 is explicitly the multivector algebra over the 7 generators (see “Cl(0,7) 1387

algebraic deepening” in Section 7.1). 1388

Standard QED RG running [11] gives 1/α(0) ≈ 137.036 (Thomson limit), 1/α(MZ) ≈ 1389

127.918 (MZ scale), and ∆α−1 ≈ 9.118 (vacuum polarization), obeying 1/α(0) = 1/α(MZ)+ 1390

∆α−1. At the level of integer parts, 128 + 9 = 137, coinciding with the arithmetic of the 1391

axiomatic system. 1392

Interpretation via CAS running. In the CAS running mechanism of Section 8.1.1, the 1393

accumulation count N of Compare-false events corresponds to ∆α−1. When the residual 1394

cost 9 (Definition 2) is exhausted by N = 9 Compare-false events, ∆α−1 = 9, and 1/α(0)− 1395

9 = 128 = 27 is the FSM state count. That is, 128 is the ground-state count of the FSM after all 1396

residual cost has been consumed, and 9 is the total cost consumed. The relation 137 = 128+ 9 1397

reads as “ground states + residual cost = low-energy limit.” 1398

Unique prediction: the nearest integer to 1/α(MZ) being exactly 128 = 27 is a conse- 1399

quence of the 7-bit FSM structure. If future precision measurements of α(MZ) shift the 1400

integer part away from 128, this interpretation is falsified. 1401

8.2. Constraining the search space: blocking numerology 1402

The key distinction from numerology is “how many candidates were searched before 1403

selecting the one that fits.” In the present system, the search space is not open—it is closed 1404

by the axioms. 1405

The descriptive degrees of freedom of Proposition 1 fall into two categories, and the 1406

numbers admissible in each category are constrained by the following filtering rules: 1407

1. Structure registry (DATA category): numbers derived directly from the axiomatic struc- 1408

ture (number of axes, stages, brackets). Admissible structure numbers: {1, 2, 3, 4, 7} (1 1409

bit basis, 2 brackets, 3 CAS stages, 4 domain axes, 7 internal degrees of freedom). 1410

2. Cost registry (OPERATOR category): numbers derived from Definition 1 and Defini- 1411

tion 2. Admissible cost numbers: {1, 4, 5, 9, 13} (1 unit traversal cost, 4 ball value, 5 1412

irreversible axis count or write traversal count, 9 residual cost, 13 total cost). 1413

3. Category separation: even when two numbers are numerically equal, they represent 1414

different quantities if they belong to different categories (e.g., the structural 9 = 7 + 2 1415

and the cost 9 = 13− 4 are distinct quantities; the sin2 θW formula of this paper uses 1416

the latter, i.e. the cost 9). 1417

4. Independence: numbers that factorize into preceding numbers are excluded (e.g., 1418

6 = 2× 3 and hence is not an independent DOF). 1419

5. Continuous-quantity cutoff : infinitesimals of normed spaces are not discrete and there- 1420

fore are not registered as degrees of freedom. 1421

Under these rules the total number of admissible numbers in this paper is only 10 1422

(structure 5 + cost 5). Formulas are constructed not from arbitrary combinations of π, e, 1423

and integers but only from a finite set derived from the axioms. Because the search space is 1424

closed, the degrees of freedom available for post-hoc fitting are severely limited. 1425

Posterior probability estimate. Even though the number set is closed, freedom remains in 1426

the choice of operations (four arithmetic operations, exponentiation, inclusion or exclusion 1427

of π), so the size of the formula space must be estimated. From the 10 structure/cost 1428

constants, with 4 binary operations × nesting depth 2–3 × π included/excluded = O(103) 1429

candidate formulas are possible. The probability that one of these matches a particular 1430

physical constant to within a relative deviation of 10−6 is ∼ 10−3. 1431

The essential point: the α derivation is a forward chain starting from Theorem 1 (ax- 1432

ioms→ signature→ D5→Wyler volume ratio), not “a chance hit from the O(103) formula 1433

space” but rather “a group-theoretically forced consequence.” The chance hypothesis of a 1434
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single α hit probability ∼ 10−3 is therefore rejected by the very existence of the forward 1435

chain. 1436

The sin2 θW result likewise follows from a forward chain (all 5 steps forced by the two 1437

reading principles of the axiomatic system; see Section 5), with the same strength of forward- 1438

chain status as the α derivation. Neither result is a chance hit from the O(103) candidate 1439

formula space; both follow from the forward derivation of the axiomatic system. The 1440

chance hypothesis that two independent forward derivations simultaneously agree with 1441

experimental values is rejected even more strongly. This estimate is an order-of-magnitude 1442

upper bound. 1443

Status of axiom choice and response to the circularity critique. That Theorem 1 follows 1444

“automatically” from the axioms is a structural strength of the axiomatic system. In every 1445

axiomatic system, theorems are logical consequences of the axioms—calling this circular 1446

would equally apply to the derivation of “the sum of interior angles of a triangle = 180◦” 1447

from Euclid’s parallel postulate. The critique that the answer is “built into” the axioms is a 1448

meta-critique applicable to axiomatic systems in general, does not apply to this paper. 1449

The contribution of this paper is not the bare fact that the (5, 2) partition emerges from 1450

the axioms, but rather why these axioms are physically justified. The justification is threefold: 1451

(a) the 3-stage CAS is the minimum-cost atomic operation that preserves causality: the lower 1452

bound (2 steps or fewer violates causality) and the upper bound (4 steps or more violates 1453

least cost) force exactly 3 steps; LL/SC shares the same 3-stage structure and yields the same 1454

(5, 2); TAS (2 stages) fails due to the absence of Compare (Section 2.1). Within the axiomatic 1455

structure, the 3-step form is unique. (b) The DATA/OPERATOR separation is the distinction 1456

between a “discrete record space” and a “continuous operational domain”; the moment 1457

the axiomatic system distinguishes discrete (DATA) from continuous (OPERATOR), this 1458

separation is inevitable. (c) The resulting α and sin2 θW agree with experimental values to 1459

relative deviations of 6× 10−7 and 4× 10−6, respectively. 1460

Logical minimal convergence. Each component of the present axiomatic system is a 1461

candidate for the logical minimal convergence of the minimum-cost principle. To change a 1462

state while preserving causality, the minimum is three stages—“read→compare→write” (2 1463

stages would be writing without comparing, violating causality). For a 3-stage operator 1464

to function, the operand and the operational domain must be separated, making the 1465

DATA/OPERATOR distinction inevitable. The operand (DATA) requires at minimum 2 1466

axes (time, space), and the operational domain (OPERATOR) likewise requires at minimum 1467

2 axes (observer, superposition)—without an observer there is nowhere to receive the 1468

branch of Compare, and without superposition there is no path for CAS to reference DATA. 1469

By atomicity and orthogonality, the cost can only take values {0,+1}. Combining all these 1470

minimal conditions yields 4 + 3 = 7 degrees of freedom and the irreversible/reversible 1471

partition (5, 2). 1472

Note on the status of the convergence argument. Each step of this convergence—minimum 1473

of 2 axes, binary atomicity, DATA/OPERATOR separation—is forced by the axiomatic 1474

structure, and their combination converges to (5, 2) as proved by Theorem 1. see the 1475

rule selection discussion in Section 8.6; within the axiomatic structure the convergence 1476

is unique. The axioms were not reverse-engineered to match (5, 2); rather, following the 1477

minimum-cost principle led to (5, 2) as the unique convergence point. The a posteriori 1478

verification of this convergence is the experimental agreement of α and sin2 θW . 1479

Robertson’s critique “why SO(5, 2)?” is elevated in this paper to “why these axioms?” 1480

This is a meta-question shared by every axiomatic system—Euclid’s five postulates, the 1481

Zermelo–Fraenkel axioms, the von Neumann axioms of quantum mechanics. The necessity 1482

of axioms cannot be proved—but when the consequences of axioms agree with experiment, 1483

the axiomatic system is justified a posteriori. 1484
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8.3. Transition from discrete axioms to continuous physical quantities 1485

The present axiomatic system is discrete (cost +1, in bit units), yet the final results—α, 1486

sin2 θW , etc.—are continuous real values. Where does this transition occur? 1487

The transition point is step 2→step 3 of Theorem 1. Once the cost classification 1488

(discrete: 5 vs. 2) determines the metric signature (5, 2), the group SO(5, 2) (or, when 1489

defining the quotient space D5, the identity component SO0(5, 2)) that preserves that 1490

signature is a continuous Lie group. That is, the discrete classification selects a continuous 1491

group. All subsequent calculations—the quotient space D5 and the volume ratio—are 1492

continuous mathematics. 1493

This is analogous to how, in lattice gauge theory, a discrete lattice approaches the 1494

continuum limit. 1495

The viewpoint that physical laws emerge from discrete structure is shared by 1496

the computational-universe programs of Zuse [13], Fredkin [14], and Wolfram [25]; 1497

Wheeler’s “it from bit” [16]; Lloyd’s computational-capacity estimate [15]; and Tegmark’s 1498

mathematical-universe hypothesis [26]. In particular, ’t Hooft’s cellular automaton inter- 1499

pretation of QM [24] is the most directly comparable program, seeking to derive quantum 1500

mechanics from a discrete deterministic model. The difference is that ’t Hooft aims to re- 1501

produce quantum mechanics, whereas the present system aims to derive a metric signature 1502

from an irreversible cost structure—both the starting point and the destination differ. For 1503

the thermodynamic cost of irreversible operations, see Landauer [17]. Our treatment of the 1504

fundamental status of dimensionless constants follows Duff et al. [18]. 1505

The difference from lattice gauge theory is: there, the lattice spacing a → 0 limit is 1506

required, whereas here it is not a limit but a classification (5+2) that determines the group. 1507

The discrete structure fixes the integer parameters (dimension, signature) of the continuous 1508

group, and the continuous fine structure (volume ratio) is produced automatically by group 1509

theory. 1510

Since Axiom 3 of the complete axiomatic system [10] declares the DATA (discrete) 1511

/ OPERATOR (continuous) distinction, this transition is part of the axiomatic structure 1512

(classification I). The discrete-to-continuous transition is already within the axioms: CAS 1513

manages costs on the OPERATOR sphere (continuous) via RLU angular coordinates, and 1514

CAS Swap records results in DATA (discrete). Both directions—discrete→continuous 1515

(RLU sphere management) and continuous→discrete (Swap recording)—are contained in 1516

Axioms 1, 2, and 3. 1517

8.4. Axiomatic origin of structural constants 1518

Table 7 makes explicit the axiomatic origin of the structural constants appearing in the 1519

derivations of α and sin2 θW . All numbers originate from the structure of Axioms 1–4: 1520

Table 7. Structural constants appearing in the derivations of α and sin2 θW and their axiomatic origins.

Number (cate-
gory)

Role Remarks

2 (structure) bracket count, sin2 θW de-
nominator

DATA/OPERATOR two brackets (Axiom 1)

3 (structure) CAS stage count R, C, S (Axiom 2)

4 (structure/cost) 24 domain axes; ball
value

Structure: domain axis count (Axiom 1). Cost: 1 time + 3 space writes (Defini-
tion 2). The two 4s are quantities of different categories

5 (cost) irreversible axis count = 7− 2 (Theorem 1)
7 (structure/cost) sin2 θW numerator Structure: 4 + 3 (Proposition 1). Cost: 5 + 2 (Theorem 1)
9 (cost) sin2 θW denominator Residual cost 13− 4 (Definition 2)
13 (cost) cost enumeration 8 reads + 5 writes (Definition 1)
π Wyler formula, sin2 θW hemispheric arc length of irreversible traversal (Axiom 3 + Axiom 2)
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8.5. Distinction from Eddington 1521

Several attempts exist to derive α from first principles. Table 8 compares the major 1522

prior work with the present paper. The most precise measurement of α was performed by 1523

Morel et al. [23] with an uncertainty of 81 ppt. 1524

Table 8. Prior attempts at deriving α from first principles.

Approach Method Result Failure / distinction

Eddington [9] 16-fold algebraic combi-
natorics

α−1 = 136→ 137 Reverse-engineering suspicion; no independent check;
no axiom necessity

Koide [12] Lepton mass ratio pattern Numerical coinci-
dence

Origin not provided

Connes [20] Noncommutative geome-
try

Constant derivation
attempt

α not numerically reproduced

Lisi [21] E8 unification All-particle embed-
ding

Refuted by Distler–Garibaldi [22]

Bars [19] 2T-physics (d, 2) Same SO(5, 2) (5, 2) is spacetime signature; this paper: cost category. α
not derived

This paper CAS cost structure 1/α = 137.036 082 (i) Signature derived first, (ii) sin2 θW independent check,
(iii) search-space blocked

8.6. Scope and limitations 1525

This paper states its limitations explicitly throughout the text. Table 9 collects and 1526

classifies all of them. 1527

Table 9. Scope and limitations — classified summary.

Class Item Remarks

III. Axiom-described — derivation path complete in text; formal systematization reserved for dedicated papers

III RLU mechanism formal sys-
tematization

Full mechanism described. + uniqueness in (4 + 1/π) established by Axiom 1. RLU
formal systematization in [10] (Section 7.2)

III sin2 θW alternative candidates 1/ log2 20 etc. recorded. 7/(2 + 9π) uniqueness established by 5-step argument (Sec-
tion 5). Only exclusion of other candidates reserved for dedicated paper

III α precision ∆ = 0.000 083 Possible correction at order α3 ≈ 4× 10−7 (Section 8.6)

III CAS 3-step uniqueness Lower bound (causality) + upper bound (least cost) force 3 steps (Section 2.1). Only
complete external classification reserved for dedicated paper (Section 2.1)

III sin2 θW/ηB form difference Raw use case (9π) vs. coupled use case ((4 + 1/π)). No contradiction (Section 5, Sec-
tion 7.2)

III SU(3)×SU(2)×U(1) correspon-
dence

R,C,S → U(1),SU(2),SU(3) mapping complete. 12 gauge bosons derived. Coupling-
constant ratio quantification in [10] (Section 8)

IV. Out of scope — not included in the scope of this paper

IV Rule selection problem Open meta-problem of digital physics in general (Section 8.6)
Classification criteria: see Table 12.

This paper adopts the format of “explicit delimitation + verifiable partial results.” The 1528

detailed analysis of the last item in the table, “α measurement precision ∆,” is given in the 1529

immediately following paragraph. 1530

Detailed analysis of α precision ∆. The difference ∆ = 0.000 083 between 1/α = 1531

137.036 082 produced by the Wyler formula and the experimental value 137.035 999 177 1532

arises at the fourth decimal place. Two possible origins of this discrepancy are: 1533

1. Discrete–continuous gap: the present axiomatic system is discrete (cost +1), yet the 1534

Wyler volume ratio is continuous geometry. The transition from discrete structure to 1535

continuous volume ratio naturally generates higher-order corrections. 1536
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2. Higher-order cost correction: a correction of order α3 ≈ 4× 10−7 is expected within the 1537

system, consistent with the magnitude of ∆ (6× 10−7). 1538

The magnitude of ∆ (6× 10−7) is of the same order as α3 ≈ 4× 10−7. The present axiomatic 1539

system is discrete while experimental measurements are continuous real numbers; a resid- 1540

ual from this discrete–continuous gap is a structural characteristic of a discrete axiomatic 1541

system. That the residual is of order α3 is consistent with the existence of a higher-order 1542

cost correction. 1543

The rule selection problem. The present axiomatic system confronts a fundamental prob- 1544

lem common to all axiomatic approaches in digital physics—Zuse’s Rechnender Raum [13], 1545

’t Hooft’s cellular automaton interpretation [24], Wolfram’s hypergraph rewriting [25]: why 1546

these axioms? Why not others? 1547

The answer offered in this paper—minimum cost + causality preservation—is the 1548

design principle of the axiomatic system, verified by its results. This paper provides two 1549

partial answers: (a) the search space is restricted to 10 numbers (5 structural + 5 cost), 1550

closing the degrees of freedom for axiom selection (Section 8), and (b) the convergence 1551

of α and sin2 θW to experimental values at relative deviations of 6× 10−7 and 4× 10−6
1552

constitutes empirical verification of this axiom set. Complete classification of external 1553

candidate axiom sets is an open problem common to digital physics in general and lies 1554

outside the scope of this paper. 1555

8.7. Status of the present axiomatic system: relation to existing physics 1556

We state anticipated critiques of the present axiomatic system and our responses. We 1557

first summarize the positioning relative to existing axiomatic reconstruction programs in 1558

Table 10. The distinctive feature of the present axiomatic system is that it produces numerical 1559

values from axioms. Other programs reconstruct the structure of quantum mechanics but do 1560

not produce physical constants. 1561

Table 10. Comparison with axiomatic reconstruction programs — positioning of the present axiomatic system.

Hardy 2001 CDP 2011 Spekkens 2007 Masanes–Müller
2011

This work

Axiom count 5 6 2 5 4+1

Core principle continuous
reversibility

purification knowledge bal-
ance

physical require-
ments

minimum cost = least ac-
tion

Reconstruction target full QM full QM partial QM phe-
nomenology

QM information
bounds

coupling constants α,
sin2 θW

Numerical output none none none none α, sin2 θW , ηB
Experimental compari-
son

none none none none 6× 10−7, 4× 10−6, 0.5σ

Free parameters 0 0 0 0 0
Program position full reconstruc-

tion
full reconstruc-
tion

partial partial cost-theoretic branch

8.7.1. “Where is the Hilbert space?” 1562

The present axiomatic system does not target the Hilbert-space formalism of quantum 1563

mechanics; it targets numerical output. The reason is as follows. 1564

The Banya frame is a virtual experimental universe that models nature’s least-action 1565

principle as minimum-cost operations. The design goal of this virtual universe is not “to 1566

reproduce existing physical formalisms internally” but rather “to construct a minimum-cost 1567

circuit under axiomatic constraints and to check whether the cost pattern of that circuit 1568

agrees with actual physical constants.” 1569
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By analogy: a flight simulator does not internally reproduce the metal alloys or the 1570

fluid-dynamics equations of an actual aircraft. The goal of the simulator is that the output 1571

(flight trajectory) for a given input (control stick) matches that of the actual aircraft. Even if 1572

the internal implementation differs from the actual aircraft, the simulation succeeds if the 1573

input–output relation agrees. 1574

Likewise: the internal implementation of the present axiomatic system consists of CAS 1575

(conditional state transitions) and a cost structure. This is a different language from Hilbert 1576

spaces, Lagrangians, and gauge groups. However, if the output—the numerical values of 1577

physical constants—agrees with experiment, the model succeeds. The Hilbert space is one 1578

language for describing nature, not the only language. 1579

Zurek’s quantum Darwinism [29] also derives classicality from the information struc- 1580

ture of observers and environments, showing that descriptions that do not pass through 1581

Hilbert space can be physically valid. More generally, Hardy’s “Quantum Theory From Five 1582

Reasonable Axioms” [32] and Chiribella, D’Ariano, and Perinotti’s “Informational deriva- 1583

tion of quantum theory” [33] are axiomatic programs that derive the entirety of quantum 1584

mechanics from information-theoretic primitives — the present axiomatic system’s “deriva- 1585

tion of α from CAS cost” belongs to the same scholarly tradition (information-theoretic 1586

axiomatization), with the distinction that it focuses on a specific coupling constant, α. 1587

8.7.2. “Where does the gauge group SU(3)×SU(2)×U(1) come from?” 1588

The qualitative mapping is presented below. The quantitative derivation of coupling- 1589

constant ratios is completed in the full system [10] and will be presented in dedicated 1590

papers. 1591

The Banya equation δ2 = (time + space)2 + (observer + superposition)2 is a domain- 1592

transformation structure. Projecting the same axioms onto different domains yields different 1593

physical sectors. α is the result of projecting the CAS cost path onto the electromagnetic 1594

domain, and αs is the result of projecting the same cost path onto the strong domain. The 1595

gauge group structure is an effective description of this domain transformation—not a 1596

target that the axioms must reproduce, but an observation-side description produced by 1597

the domain projection of the axioms. 1598

Concretely: in the complete axiomatic system [10], the 3 CAS stages map to the 1599

Standard Model gauge group: Read (internal DOF 1) → U(1) (generators 12 − 1 = 0; 1600

photon has no self-interaction), Compare (internal DOF 2)→ SU(2) (generators 22 − 1 = 3: 1601

W+, W−, Z), Swap (internal DOF 3) → SU(3) (generators 32 − 1 = 8: 8 gluons). Total 1602

gauge bosons = 0 + 3 + 8 + 1(photon) = 12 = (4
2)× 2 (choose 2 from 4 domain axes × 2 1603

directions) [10]. Unique prediction: a 4th gauge interaction (Z′, etc.) does not exist because 1604

CAS has no 4th stage — discovery of Z′ or W ′ below 10 TeV at LHC Run 3/4 would falsify 1605

this correspondence. The quantitative derivation of coupling-constant ratios is a task for 1606

subsequent papers. 1607

8.7.3. “Is this a physical theory or a computational model?” 1608

Both. More precisely: it is a computational physical model constructed under the assump- 1609

tion that the operations of nature obey minimum cost. 1610

Conventional physics describes nature in the mathematical language of continu- 1611

ous manifolds, differential equations, and Hilbert spaces. The present axiomatic system 1612

describes the same nature in a different mathematical language: discrete operations, cost 1613

functions, and state transitions. The two languages need not be mutually translatable— 1614

“reproducing” differential equations as discrete operations is not the goal. The goal is to 1615

check whether the two descriptions produce the same numerical output (physical con- 1616

stants). 1617
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The reason this difference is unavoidable is as follows. If one designs a circuit faithful 1618

to the minimum-cost principle, its internal structure is necessarily discrete and order- 1619

dependent—counting cost requires stages, stages require order, and order implies discrete 1620

rather than continuous. The language of minimum-cost circuits therefore necessarily differs 1621

from the language of continuous physics. This difference is a structural consequence of 1622

faithfully modeling the minimum-cost principle. 1623

8.7.4. “Why read/compare/write—this differs from quantum measurement” 1624

Correct. It differs. And this difference is the point. 1625

In quantum mechanics, “measurement” is an irreversible process accompanied by 1626

wavefunction collapse. In the present system, “read (Read)→compare (Compare)→write 1627

(Swap)” is the indivisible 3-stage CAS operation. These two descriptions, in different lan- 1628

guages, possess structural analogy; the formal isomorphism is derived in the full axiomatic 1629

system [10]: the Born rule |ψ|2 is produced via the chain Axiom 15 (δ 128 states)→ Axiom 3 1630

(FSM)→ Axiom 2 (CAS) as “the tally of δ’s free selection within the FSM,” constituting a 1631

CAS version of Gleason’s theorem [10]. Because Axiom 15 (δ’s 128-state structure) is not 1632

among the 4 axioms of the present paper, the formal derivation of the Born rule lies outside 1633

the present scope. 1634

Table 11 states the differences explicitly. 1635

Table 11. Structural comparison: quantum mechanics vs. the present axiomatic system.

Dimension Quantum mechanics Present system

Measurement Projection operator Pk Read→ Compare→ Swap
Probability/cost rule |⟨k|ψ⟩|2 Cost {0,+1}
State space Continuous Hilbert space Discrete FSM (7-bit)
Collapse mechanism Wavefunction collapse δ-firing screen rendering completion
Irreversibility origin Measurement postulate CAS order forcing (Axiom 2)

The two descriptions are not in a translation relation. They are different-axis projections 1636

of the same natural phenomenon—projecting the Banya equation onto the classical bracket 1637

(DATA) yields the Hilbert-space description, and projecting onto the quantum bracket 1638

(OPERATOR) yields the CAS description. The question “which is real?” is itself ill-posed— 1639

both projections are different aspects of the same δ. 1640

More concretely, in the branching structure of CAS from Axioms 2 and 3: if Compare 1641

returns true, Swap executes, paying cost +1, and a definite state is written to DATA—this 1642

corresponds to wavefunction collapse. If Compare returns false, Swap does not execute 1643

and superposition is maintained—cost 0, reversible. That is, superposition maintenance = 1644

Compare false = cost 0, and collapse = Compare true = cost +1. The core of this structure 1645

is that quantum is the default; classical results from paying cost. 1646

Correspondence with quantum non-demolition (QND) measurement: in the complete ax- 1647

iomatic system, the execution condition for Swap is twofold—Compare true AND isWrite- 1648

Able [10]. When Compare is true but isWriteAble is false, the state has been observed but 1649

not altered. This is the structural correspondence to QND measurement. 1650

8.7.5. How does the continuous emerge from the discrete? 1651

(Note: this subsubsection is related to the “Transition from discrete axioms to continu- 1652

ous physical quantities” subsection of Section 8, but the two address different aspects — the 1653

earlier subsection concerns the mathematical transition (Theorem 1→ Lie group SO(5, 2) 1654

→ continuous volume ratio), while this subsubsection concerns the physical emergence 1655

(cost recovery by RLU proceeds continuously in the continuous domain of the OPERATOR 1656

bracket, generating discrete records in DATA).) 1657
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Contention creates order, and order creates discreteness (Section 2.1). When multiple 1658

local states exist simultaneously, causality preservation forces an ordering device (lock) to 1659

operate, and cost +1 arises wherever the CAS sequence R→ C→ S is forced; when cost 1660

arises, it is recorded in DATA in discrete slot units. 1661

Where, then, does the continuous come from? It comes from the OPERATOR bracket. 1662

In Axiom 1, the OPERATOR (quantum bracket) is a continuous domain in which all 1663

states coexist simultaneously. The cost accumulated by CAS (Axiom 3) is recovered at 1664

the OPERATOR level according to the eviction rule of RLU (analogous to LRU), and 1665

this recovery process itself is continuous. When the continuous cost distribution passes 1666

through CAS Swap and is written to DATA, it is discretized (Axiom 3: crossing + triggers 1667

discretization). In the present axiomatic system, no quantity called “force” is defined — the 1668

only physical quantity is change, and the expression of change is cost. 1669

The differential calculus used in physics is an approximation of this process: when 1670

sufficiently many discrete records (local states) accumulate, the discrete distribution appears 1671

continuous and the differential becomes a valid approximation. This is the same logic by 1672

which the continuum limit is recovered in lattice gauge theory when the lattice spacing 1673

is sufficiently small. The difference is: in the present system, discreteness is not “the 1674

starting point of an approximation” but “a structural consequence generated by ordering.” 1675

Causal set theory likewise pursues a program in which continuous spacetime emerges from 1676

discrete causal structure. 1677

8.7.6. Structural correspondence of superposition and collapse 1678

We make explicit the structural correspondence between quantum-mechanical state 1679

vectors (Hilbert space) and the present system. 1680

In Axiom 1, the superposition of the quantum bracket (OPERATOR) is “an addressless 1681

index spread simultaneously over all states.” This is structurally analogous to a state vector 1682

|ψ⟩ = ∑ ck|k⟩ in Hilbert space being spread simultaneously over all basis states |k⟩. This 1683

“addressless index” property is made concrete by the RLU indexing mechanism (defined 1684

immediately after Axiom 2) as angular coordinate (theta angle) identification — RLU distin- 1685

guishes targets by angular position in the OPERATOR bracket without logical addresses, 1686

which is why the indexing of the present axiomatic system distributes cost over the arc 1687

length π. 1688

The cost rule of Axiom 3 provides the “collapse” mechanism. If CAS Compare 1689

returns true, cost +1 is paid and Swap executes, writing a definite state to DATA—this 1690

corresponds to wavefunction collapse. If Compare returns false, Swap does not execute 1691

and superposition is maintained—cost 0, reversible. That is: 1692

• Superposition maintained = Compare false = cost 0 = remains in OPERATOR. 1693

• Collapse (write) = Compare true = cost +1 = written to DATA. 1694

Structural isomorphism with the Born rule — derived in the complete system. The 4 axioms of 1695

this paper do not directly derive the Born rule; this paragraph is recorded as an out-of-scope 1696

observation pointing toward the complete axiomatic system. 1697

Match in formula structure. In standard quantum mechanics, the measurement prob- 1698

ability is P(k) = |ck|2 = a2
k + b2

k (complex amplitude ck = ak + ibk), which is the 1699

norm squared of two orthogonal real components. The Banya equation (Axiom 1) δ2 = 1700

(time + space)2 + (observer + superposition)2 is a sum of norm squares of two orthogonal 1701

categories, and its formula structure matches the form |ck|2 = a2
k + b2

k at the n = 2 level (two 1702

categories/brackets). 1703

Scope delimitation for this paper. This paper focuses on the self-contained derivation of α 1704

within the 4 axioms + 1 proposition. The formal derivation of the Born rule is completed 1705

in the full system [10] (Axiom 15 → Axiom 3 → Axiom 2, a CAS version of Gleason’s 1706
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theorem). Because Axiom 15 is not among the 4 axioms of this paper, the Born rule lies 1707

outside the 4-axiom scope. 1708

Related prior art and formal differences. The “measurement problem” of quantum me- 1709

chanics has remained unresolved since the founding of quantum mechanics, and attempts 1710

to render the Born rule a derivable consequence rather than a basic postulate constitute an active 1711

research area. The present axiomatic system is positioned adjacent to both the Hardy/CDP 1712

full reconstruction program and the Spekkens/Masanes/Pawlowski partial reconstruction program 1713

without coinciding directly with either, occupying a cost-theoretic branch. 1714

(i) Full reconstruction program: Hardy’s “Quantum Theory From Five Reasonable 1715

Axioms” [32] fully reconstructs finite-dimensional QM (state space, measurement, time evo- 1716

lution) from 5 operational axioms. Chiribella, D’Ariano, and Perinotti [33] add “purification” 1717

to 6 informational axioms to obtain the same result. Hardy’s fifth axiom1 (“continuous 1718

reversible transformation between pure states”) conflicts with the CAS 3-stage irreversible 1719

progression of the present axiomatic system in the same way as Masanes–Müller’s contin- 1720

uous reversibility, and this constitutes a categorical boundary common to both Hardy and 1721

Masanes–Müller. 1722

(ii) Partial reconstruction program: Spekkens’ epistemic toy model [34] partially reproduces 1723

a large part of QM phenomenology (no-cloning, interference, teleportation, entanglement 1724

monogamy) from 2 principles (knowledge balance + 4-state classical). Masanes–Müller [35] 1725

derive QM from 5 physical requirements. Pawlowski et al.’s information causality [36] 1726

derives QM information bounds from a single principle. 1727

Spekkens 4-state vs. the present axiomatic system’s 4 + 3: structural comparison. Spekkens’ 1728

“4 states” is the ontic state space of a single-element system (e.g., 4 epistemic states that a 1729

coin can take), with the knowledge balance principle forcing 1 question of knowledge per 1730

system. The present axiomatic system’s “4+ 3 = 7” is the internal DOF of a single CAS cycle 1731

(4 domain axes + 3 CAS stages), and the two 4s belong to different categories — Spekkens’ 1732

4 is an external ontic state count, while the axiomatic system’s 4 is an internal degree-of-freedom 1733

count. The numerical coincidence of the two 4s is not accidental but arises from the same 1734

binary partition structure of “2-bit ontic state space” and “2-dimensional DATA bracket + 1735

2-dimensional OPERATOR bracket”; this is a comparison target for subsequent work; a 1736

detailed comparison is reserved for a dedicated study. Similarly, the continuous reversibility 1737

principle among Masanes–Müller’s 5 requirements [35] directly conflicts with the CAS 1738

atomicity (3-stage irreversible progression) of the present axiomatic system, revealing the 1739

essential difference that the present axiomatic system starts from a discrete CAS cycle rather 1740

than a connected continuous transformation group. 1741

(iii) Position of the present axiomatic system: the present axiomatic system coincides 1742

directly with neither program — the reconstruction target differs. Hardy/CDP reconstruct the 1743

formal structure of QM; Spekkens/Masanes reproduce parts of QM phenomenology; the present 1744

axiomatic system provides the single coupling constant α and its cost-theoretic motivation. That 1745

is, “the reconstruction target is theory → phenomenology → single constant” — three 1746

different categories, and the present axiomatic system operates from a third starting point: 1747

the cost classification↔ metric signature correspondence. 1748

(iv) Formal limitations: the present axiomatic system operates outside (a) the opera- 1749

tional framework, (b) GPT (generalized probabilistic theory), and (c) convex/probabilistic 1750

structure — compared with Hardy/CDP’s full reconstruction, it is categorically different, 1751

occupying a cost-theoretic branch that uniquely produces physical constants. 1752

(v) Hardy/CDP’s axioms are all directly reducible to operational measurement outcomes, 1753

whereas the CAS axioms of the present system are computer-science abstractions whose 1754

1 Hardy 2001 original: “Continuity: there exists a continuous reversible transformation on a system between
any two pure states of that system.”
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operational motivation relies on the structural isomorphism with the Landauer bound [17] 1755

(Section 2). The formula-structure isomorphism in this paragraph is an out-of-scope 1756

observation toward a formal bridge with the complete axiomatic system, and a precise 1757

comparison with the above programs will appear in dedicated papers. 1758

8.7.7. Uniqueness of the cost function {0,+1} 1759

Why is the cost exactly {0,+1} and not +0.5 or +2? 1760

Why +0.5 is impossible: each CAS stage is atomic (indivisible) (Axiom 2). Atomicity 1761

means that intermediate states are unobservable—splitting a stage that cannot be divided 1762

externally into 0.5 internally contradicts the definition of atomicity. This argument rests not 1763

on “DATA is discrete” but on “CAS stages are atomic.” The discreteness of DATA itself is 1764

a declaration of Axiom 1, but atomicity is a structural property independently defined in 1765

Axiom 2. 1766

Why +2 or more is impossible: a single + traversal is exactly one orthogonal-axis 1767

transition (Axiom 3). The 3 CAS axes are mutually orthogonal (Axiom 2: R ⊥ C ⊥ S), 1768

and the ordering device (lock) permits only one transition at a time. If two axes were 1769

activated simultaneously in a single transition, orthogonality would be broken and the 1770

order dependence “compare cannot execute without read” (Axiom 2) would be violated. 1771

Therefore the cost per + traversal is exactly +1. 1772

Result: the range of the cost function is {0,+1}, and this form is forced by Axiom 1 1773

(DATA discrete), Axiom 2 (atomicity + orthogonality), and Axiom 3 (order = cost). Any 1774

other form of cost function violates at least one of these three axioms. 1775
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Table 12. Complete results of the axiomatic system — results produced by 4 axioms and 1 proposition.

Classification Result Remarks

I (5, 2) signature uniqueness Axioms 1–4→Theorem 1 (§3)
I 7 = 4 + 3 internal degrees of

freedom
Axioms 1+2→ Proposition 1. Hamming [7, 4, 3] coincidence (§2)

I Cost function {0,+1}unique-
ness

Axioms 1,2,3: atomicity+orthogonality+order (§8)

I Exclusion of SO(7), SO(4,3),
and 6 others

Theorem 1 Part (C) (§3)

I 1/α = 137.036 082 Theorem 1→D5→Wyler volume ratio. 6× 10−7 vs. CODATA (§4)
I sin2 θW = 0.23122 5-step forward chain. 4× 10−6 vs. MS at MZ (§5)
I 9, 13 = 8 + 5, ball value 4 =

1 + 3
Residual cost 13− 4, cost accounting (Definition 1, Definition 2)

I π, 9π, 7/(2 + 9π) uniqueness CAS orthogonality→ cost+norm reading + arithmetic (§5)
I Independence of α and sin2 θW Distinct forward chains (§5)
I 3-dimensional space (x + y +

z)
Observational decomposition of the space axis declared by Axiom 1. Explicit in Definition 1 (§2)

I α = interaction probability Theorem 1→D5→ Shilov boundary/D5 volume ratio= bracket-boundary+ crossing probability. Direct reading in
axiomatic terminology (§4)

I 13 boundary distinctions 8 reads+ 5 writes. Unique enumeration forced by axioms (Definition 1)

I Energy scale↔ domain time Immediate consequence of Axiom 1: δ (system time) ̸= time axis (domain time). Axiom 3 of complete system [10] further
specifies (§2)

II π5/(24 · 5!) = D5 Huavolume (5, 2)→ D5 →Hua Ch. IV identity. Mathematical identity (§4)
II D5, SO(5) × SO(2) deter-

mined
(5, 2)→ unique bounded symmetric domain (§4)

II 8π4 Axiom-determined from (5, 2)→ SO(5)× SO(2) group volume (Table 5)
II (·)1/4 geometric mean of 4 or-

thogonal axes
Axiom 1 orthogonality→ independence→ geometric mean= (·)1/4. Mathematically axiom-determined (§4)

II Hartley information ∆H = 5
bits

Axiom 1 (orthogonal independence) + Theorem 1 (5 irreversible)→Hartley formula: log2 128− log2 4 = 5. Mathemati-
cally axiom-determined (§2.1)

II Hamming [7, 4, 3] structural
correspondence

Proposition 1: 4+3=7 (I)→Hamming bound: unique perfect code for 4-bit messages= [7, 4, 3] (mathematical theorem).
Same pattern as Hua volume (§7.1)

II Steane [[7, 1, 3]] quantum ex-
tension

Hamming [7, 4, 3] (II)→ CSS construction (Calderbank–Shor–Steane 1996; automatic mathematical procedure)→
[[7, 1, 3]]. No choice (§7.1)

II CAS↔ Landauer erasure CAS Swap overwrites previous state (Axiom 2)= Landauer information erasure by definition. Structurally isomorphic
(§2.1)

II ηB prefactor 2 Bracket count = 2 (Axiom 1); orthogonality = independence→multiplicative combination. Same pattern as (·)1/4

geometric mean (§7.2)

III ηB = 6.14× 10−10 α4 sin2 θW [1−2(4+1/π)α]. Formula and all inputs complete in text. 0.5σ vs. Planck. Only RLU formal systematization
in [10] (§7.2)

III Quantum measurement ↔
R→C→S

Compare true→ Swap→DATA record (§8)

III Born rule |ck |2 formal coinci-
dence

δ2 ↔ |ck |2 = a2
k + b2

k (§8)

III R,C,S→U(1),SU(2),SU(3) CAS 3-step→ 3 gauge conservation types (§8)
III 128 = 27 → 137 = 128 + 9 7-bit FSM + residual cost 9. QED RG integer part coincidence (§8)
III SU(3)×SU(2)×U(1) correspon-

dence
R,C,S→U(1),SU(2),SU(3) mapping complete. 12 gauge bosons derived. Coupling ratio quantification in [10] (§8)

III Alternative sin2 θW candidates
exist

1/ log2 20 etc. recorded. Cost enumeration path adopted (§5)

III CAS 3-step uniqueness Lower bound (causality) + upper bound (least cost) force 3 steps (Section 2.1). Only complete external classification
reserved for dedicated paper (§2.1)

III sin2 θW /ηB form difference Raw (9π) vs. coupled ((4+1/π)). Not contradictory (§5, §7.2)
III α precision ∆ = 0.000 083 α3 ≈ 4× 10−7 order correction possible (§8.6)
III Landauer heat lower bound

5× kT ln 2
Minimum heat dissipation per CAS cycle when tier-2 structural correspondence holds (§2.1)

III QND measurement correspon-
dence

Compare true+ isWriteAble false= observed but not altered (§8)

III CAS running mechanism α(N) = α/(1− αN/(3π)). β denominator 3 = CAS stages; QCD numerator 7 = complete DOF. Prediction: β2, β3
contain CAS numbers (§8.1.1)

III Sakharov 3 conditions = CAS
embedded

B violation← Swap domain crossing (Axiom 3); CP violation←CAS irreversibility (Axiom 2); non-equilibrium←RLU
delay (§7.2)

III JCKM = 3.10× 10−5 CAS irreversible phase volume. Exp. (3.08± 0.15)× 10−5, deviation 0.62% [10] (§7.2)

IV Rule selection problem Open meta-problem common to digital physics in general (§8.6)

Classification criteria — I: Formally derived from axioms. II: The axioms force the structure, which is then mathematically determined. III: Derivation path and interpretation given
in the text; formal systematization reserved for dedicated papers. IV: Not included in the scope of the present paper. The classification criteria for all subsequent tables are the
same as in this table.

9. Conclusion 1776

Four axioms and one proposition independently produce the fine-structure constant α 1777

and the Weinberg angle sin2 θW ; the baryon-to-photon ratio ηB is obtained as an indepen- 1778

dent forward-testable production at axiom-described level (classification III). We show that 1779

axioms describe nature. 1780
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Within an axiomatic system whose primitive object is the CAS operation, we have 1781

traced a structural chain that reaches the low-energy limit α = 1/137.036 082 of the fine- 1782

structure constant. All four factors of the Wyler formula are accounted for within the 1783

axiomatic structure: 9 is axiom-derived (I), π5/(24 · 5!) is axiom-determined (II), (·)1/4 is 1784

axiom-determined as the geometric mean of 4 independent axes (II), and 8π4 is the group 1785

volume fixed by the signature (5, 2) and is therefore mathematically axiom-determined (II). 1786

The causal chain of the derivation is: contention→ ordering→ discreteness→ cost 1787

classification → signature (5, 2) → SO0(5, 2) → D5 → Wyler formula (each factor ac- 1788

counted for at its epistemic level)→ α. The key step is the cost–signature correspondence 1789

(Definition 5 and Theorem 1): the irreversible/reversible classification of costs maps natu- 1790

rally onto the positive and negative signs of a quadratic form, and because this classification 1791

is determined by the axioms, the signature (5, 2) follows. The result is α = 1/137.036 082 1792

(relative deviation 6× 10−7 from the experimental value). 1793

The three criticisms of Robertson (1971) and Gilmore (1972)—absence of physical 1794

motivation, arbitrariness of the group choice, and non-uniqueness of the measure—have 1795

been answered item by item. In particular, part (C) of Theorem 1 formally excludes all 1796

partitions other than (5, 2) among the eight candidates, and among 21-dimensional simple 1797

Lie groups we have explicitly ruled out (7, 0) (SO(7), the compact form) and (4, 3) (SO(4, 3), 1798

the split form) on the grounds that they are incompatible with the principle of deriving 1799

the metric sign from the cost category—this constitutes the direct reply to Robertson’s (R2) 1800

“arbitrariness of the group choice” criticism. 1801

A different combination of structural constants within the same axiomatic system 1802

yields the Weinberg angle sin2 θW = 7/(2 + 9π) = 0.23122 (relative deviation 4× 10−6
1803

from the experimental value). The distinction between the energy scale and the domain 1804

time is an immediate consequence of Axiom 1 (classification I; see Section 2). 1805

Furthermore, in Section 7.1 the internal degree-of-freedom count 7 = 4 + 3 of the 1806

present axiomatic system was shown to coincide structurally with the decomposition 1807

into four information bits and three parity bits of the classical Hamming code [7, 4, 3] 1808

(the quantum-information community’s Steane code [[7, 1, 3]] extends naturally as a CSS 1809

construction built on this Hamming code). 1810

Finally, in Section 7.2 the baryon-to-photon ratio ηB = 6.14× 10−10 was produced from 1811

the two quantities derived in the present paper, α and sin2 θW (both forward chains) alone, 1812

and was shown to agree with the Planck measurement to within 0.5σ—a forward item that 1813

can be verified or falsified by future CMB precision measurements (the + in (4 + 1/π) is 1814

uniquely determined by Axiom 1’s orthogonal composition; the formal systematization of 1815

the full RLU mechanism is classification III). 1816

The α derivation process of this paper yields 5 unique predictions (Table 13). These 1817

predictions are not fitted to match α; they are deductive consequences that automatically 1818

follow from the same CAS cost structure. Each prediction has a specific experiment and 1819

an explicit falsification condition. Falsification of any one negates the corresponding CAS 1820

structure. 1821
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Table 13. Unique predictions of this paper — deductive consequences of the CAS cost structure.

# Prediction (axiomatic basis) Source Falsification condition

1

CAS structural numbers in higher-loop β-coefficients (MS, µ =
MZ). 1-loop: QED denominator 3 = CAS stages; QCD numerator 7
= complete descriptive DOF. 2-loop: β1 = −1/4 = −1/(domain 4).
The prediction: under MS scheme, µ = MZ, with standard PDG
normalization, the numerators and denominators of the rational
form of β2, β3 must be expressible as products/sums/differences
of the CAS set {3, 4, 7, 9, 13} (no spontaneous appearance of primes
outside this set).

§8.1.1 A prime ≥ 11 (excluding 13)
appears spontaneously in the
standard rational form of MS
β2 or β3

2

Integer part of 1/α(MZ) = 128 = 27. CAS running exhausts resid-
ual cost 9 via Compare-false accumulation: 137− 9 = 128. 128 = 27

is the FSM ground-state count. “Ground states + residual cost =
low-energy limit.”

§8 Precision measurement of
α(MZ) yields nearest integer
̸= 128

3

Jarlskog invariant JCKM = 3.10× 10−5. CP violation magnitude
is determined by the phase volume of the irreversible CAS cycle
(R→C→S, reverse undefined). Produced in the complete system [10].
Experimental value (3.08± 0.15)× 10−5, deviation 0.62%.

§7.2, [10] Experimental value deviates
from 3.10× 10−5 by > 3σ

4
No 4th gauge interaction (Z′, etc.). CAS = 3 stages (R, C, S).
Read→U(1), Compare→SU(2), Swap→SU(3). No 4th stage⇒ no
4th gauge group. Total gauge bosons = 12 = (4

2)× 2.
§8 Discovery of Z′ or W ′ below

10 TeV at LHC Run 3/4

5

Sakharov’s 3 conditions embedded in CAS. B violation ← FSM
Swap domain crossing (Axiom 3). CP violation← CAS irreversibility
(Axiom 2). Non-equilibrium ← RLU cost-recovery delay. Three
conditions from three different axioms.

§7.2 Any of the 3 conditions re-
quires an independent mech-
anism outside CAS

Table 14 compares the scope of the present paper (4 axioms + 1 proposition) with that 1822

of the complete axiomatic system [10] (15 axioms). The present paper addresses only the 1823

minimal axiom subset required for the α derivation. The complete axiomatic system [10] 1824

has already produced coupling-constant hierarchies (αs = 0.1183, deviation 0.3%), all 6 1825

quark masses, the cosmological constant (Λl2
p ∼ α57), and others; their formal academic 1826

presentation will appear in dedicated papers. 1827

Table 14. Scope of derivations — this paper versus the complete system.

Item This paper Complete system [10]

Number of axioms 4 + 1 prop. 15

Derivation items (Table 12 classification)
Experimentally matched (< 1%) 3 155
Structural/mathematical results 35 —
Awaiting verification — 941
Subtotal 38 1,096

Unique predictions (experimentally testable)
Experimental match — 18
Awaiting verification 5 111
Hypothesis — 1
Subtotal 5 130
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Abbreviations 1841

The following abbreviations are used in this manuscript: 1842

1843

CAS Compare-And-Swap (conditional state transition)
DOF Degrees of freedom
QED Quantum electrodynamics
R, C, S Read, Compare, Swap
RLU Addressless virtual indexing unit
FSM Finite state machine

1844

Appendix A 1845

Appendix A.1 Explicit computation of the Wyler formula 1846

Step-by-step numerical evaluation of Eq. (10): 1847

9/(8π4) = 9/779.273 = 0.011 549. π5/(24 · 5!) = 306.020/1920 = 0.159 385. 1848

(0.159 385)1/4 = 0.631 85. α = 0.011 549× 0.631 85 = 0.007 297 4. 1/α = 137.036 082. 1849
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